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1 Introduction

Let —o0o < d; < d; < oo and let ¢ be a non-
decreasing function defined on [d;, ds], with at least
N + 1 points of increase (N > 1) and such that the
2N associated moments

da
¢ — rd
Il /d t"do(t),

1

r=0,1,...,2N — 1,
exist. Then it is known that there exists a unique
set of polynomials {Q%}2_, defined by

Q? is monic and of exact degree 1,

da
Q(MQL(t)de(t) =0 if s#r

dy
The polynomials Q¢ (see [3, 8]) are said to be the
monic orthogonal polynomials associated with the
non-negative measure ¢. It is also known that these
polynomials satisfy the three term recurrence rela-
tion

Q¢ (x) = (z = B)QI_1 (z) — aPQ7_y(2),  (L1)

for r = 2,...,N, with QJ(z) = 1 and Q%(x) =
x— 7.

In [5, 6], Gautschi provide some insight on the
numerical techniques, namely, the Stieltjes method,
the Chebyshev algorithm and the modified Cheby-
shev algorithm, that are used in practice for gener-
ating the orthogonal polynomials. These techniques
are designed to produce only the coefficients in the
associated recurrence relation (1.1). Gautschi, in
[5], also points out the various advantages in gen-
erating these coefficients as a first step to obtain
further results regarding the corresponding orthog-
onal polynomials. For questions regarding stability
of the modified Chebyshev algorithm, we also re-
fer to the more recent paper [1] of Beckermann and
Bourreau.

*Title in Portuguese: Algoritmo modificado de
Chebyshev para polindmios de Szeg6: Um estudo
de estabilidade.
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2 Modified Chebyshev
algorithm

The modified Chebyshev algorithm to generate the
coefficients a?, r =2,....,nand 3%, r=1,2,...,n,
where 2 < n < N, can be given as follows.

Algorithm |
INITIALIZATION: Choose a;, [l =2,...,2n — 1 and
b,1=1,2,...,2n—1.

Let P_l(t):O, Po(t)zl,
Pt) = (t —b)P-1(t) — aP—2(2),
1=1,2,....2n—1,
0.1,=0, 1=0,1,...,2n—1,
da
oos =i = [ P(t)de(t),
dy
1=0,1,....,2n—1
and
(o
B =bi+—=,  af=0.
00,0
CONTINUATION: For k=1,2,...,n—1,
Okl = 1142 + (brriyr — ﬁ;f)ak—uﬂ
_a£0k72,l+2 + Qp414+10k-1,1 »
1=0,1,...,2n — 2k — 1
and
Okl  Ok—1,1

By = brpr + 0 —
kol * Ok,0 Ok—1,0
) 0k,0

o = —,
kol Ok—1,0

The quantities oy in the algorithm represent

da
Ok, = Qz(t)PkH(t)dﬁb(t)v
dy
foril=0,1,...,2n—2k—1and k=0,1,...,n— 1.
This algorithm is shown to be numerically sta-
ble if the coefficients a;,{ = 1,...,2n — 1 and



b;,l = 0,1,...,2n — 1 are chosen adequately and
also that the corresponding modified moments ,&f,
[l =0,1,...,2n — 1, can be determined with good
precision (see [1] and [6]).

With the choice a; = b = 0 for | = 1,2,...,
2n — 1, the modified moments ﬂf coincide with the
ordinary moments uf. Consequently, the above al-
gorithm corresponds to the ordinary Chebyshev al-
gorithm (known to Chebyshev in 1859), which is in
general known to be numerically unstable.

The idea of using modified moments in order to
obtain a stable algorithm is due to Sack and Don-
avan [7]. However, the modified Chebyshev algo-
rithm as described above (with a slight modification
to the indices) should be attributed to Wheeler [10].

3 Szeg6 polynomials

Let v be a positive measure on the unit circle C.
This means 7(6) = v(e?), defined on [0,27], is a
real, bounded and non-decreasing function with in-
finitely many points of increase. Then the moments

2m
Mﬁm:/zmdu(z) 2/ ™0 duy(e'?),
c 0

m = 0,1,2,..., all exist. We consider the Szeg6
polynomials {S¥} associated with the measure v
defined by

/CS,’:(Z)S;;(Z) dv(z) =0, n#m.

These polynomials were introduced by Szegd (see
for example [8] and [9]).

The Szegé polynomials are known to satisfy the
system of recurrence relations

SZH(Z) = z8;(2) + aruz+lsvl;*(z)7
(1= lay1l?) 2S5(2) = Skii(2) — ab 1 S (2),

for n > 0. Here S¥(z) is the monic Szegé poly-
nomial of degree n and S*(z) = 2"S%(1/Z) is the
reciprocal polynomial. The numbers af = S%(0),
n > 1, are known as the reflection coefficients of
the Szegd polynomials.

We now see how the modified Chebyshev algo-
rithm for real orthogonal polynomials can be used
to obtain an algorithm to determine the real Szeg6

polynomials. Since dv(e'?) is a symmetric measure,

2m 2m
My :/ ™0 du(e'?) :/ cos(mb)dv (™).
0 0

Hence using dv(e®?) = —dg¢;(cos(6/2)) and x =
cos(0/2), we obtain

m > 0,

1
MY, = / T (@) (z),

where T, are the m-th degree Chebyshev polynomi-
als of the first kind. Hence using the monic Cheby-
shev polynomials T,, = 2~™"T,,, m > 1, we can
define the modified moments ;' = M,

/:Lgfrlnfl = 07 /l‘f}n = 272m+1M:1/17 m > 17
associated with the measure ¢; and apply the mod-

ified Chebyshev algorithm (Algorithm ) to obtain
the coefficients a!. Since

Ti(z) =z,  To(z)=aTn(z) - 1To(2),
Tm+1($) = me(x) - %Tm,l(x),
m = 2,3,...,2n — 2, and since o, 241 turn

out to be zero for all m, letting dop,g0 = 09,0 and
Ay = 22m+t0=15 5, we obtain the algorithm

Algorithm IT
INITIALIZATION: Set

do, = MY, 1=0,1,....n,

dijg=dos+1+doy, 1=01...,n—1,

d
Ay =210
do,o
CONTINUATION: For m=2,3,...,n do

dm,l = dm—l,l+1 + dm—l,l

—Amdm,2,1+1, = O,l,...,n—m,
dm,0
Ay = —2,
m dm-1,0
From this algorithm,
a?;L1+1:Am+1/47 m:1a27"' y 1.

Having found the values of af!, the reflection coef-
ficients a¥, can be generated by

o

Vo1—2af, at—1— —0mil g

a] = oy, a, = o ,m=2,...,n.
m—1

This algorithm, which requires about n? multi-
plications, has already been tested in [2] with a
method to solve the frequency analysis problem.
Traditionally, to solve this problem one finds the
Szeg6 polynomials and then determines its roots. It
was shown in [2] that one does not need to calculate
the Szegd polynomials or even the reflection coeffi-
cients a;,. The eigenvalue problem associated with
the orthogonal polynomials Q%*, which is much eas-
ier to solve than finding all the (complex) roots of
Szegd polynomials, leads to a very good solution to
the frequency analysis problem. Hence, the simplic-
ity and speed of the method given in [2] could be
very important for real time frequency analysis.



4 Stability Analysis

Numerical stability of the modified Chebyshev algo-
rithm has been studied in Gautschi [5, 6] and, more
recently, in Beckermann and Bourreau [1]. How-
ever, in these papers the analysis is focused on how
to choose those polynomials that provide the mod-
ified moments.

In the case of our algorithm II, the situation is
some what different. The modified moments associ-
ated with the measure ¢; within [—1, 1] are known,
as these are the ordinary moments on the unit cir-
cle associated with the measure v. The polynomi-
als which provide these modified moments are the
Chebyshev polynomials. The immediate gain is an
algorithm which is simple and easy to implement.

However, can we say some thing about the
stability of this algorithm, the principal part of
which is an implementation of the map K :
R®™ — R™ from the vector of modified moments

[doa,doz2,.-.,don]T to the vector of recurrence co-
efficients [agl,agl,... Z:_JT? Since the a?l are

obtained from the ratios d;0/d;_1,0, we will instead

look at the map K from [do1,dos2,...,don]T to
[d1,0,d2,0, - - ., dno]".
For any k such that £k = 1,2,...,n, let the k-
vectors x(®) and dék) be given by
dLn—k dO,n—k
dgm_k dO,n—k
x®) — | d3n_k and d = | don—t
dm,n—k dO,n—k

Also let the k + 1-vector x*) be such that

%0 =dy, and x® = [ i?;iﬁ"“ ] ,1<k<n,

We then have the following identities from the equa-
tions in algorithm II:

(ke do.n—

for k=1,2,...,n, where H; =1 and H; =

[ 1 0 0o - 0 0 ]
1—As 1 0 0 0
1—As 1-—Ajg 1 0 0
1—Ay 1—-A3 1—-A4 --- 1 0

| 1A 1-A3 1-A4y 1-Ap 1 |

for k > 2. The above identities can also be written
in the form

y®) = Hx*F-1), (4.1)

(4.1a)

don—
)A((k) _ [ 0,n—k ]

y® +af”

fork =1,2,...,n. Hence, the map K is achieved by
applications of the maps given by (4.1) and (4.1a)
for k =1,2,...,n. Thus, we can study the stability
property of the map K by analyzing the maps given
by (4.1) and (4.1a).

The instability due to the additions (and/or
subtractions) performed in (4.1a) is most critical
when k& = n since, in order to obtain the A,,11
in the algorithm, one needs to perform the di-
visions dp,0/dm-10, m = 1,2,...,n. However,
since dpo = My and dno = %Mé’AQu-Am_H,
m = 1,2,...,n, one foresees a problem only if the
product Ag - -+ A,,+1 rapidly goes to zero or infinity
as m increases. For example, if d¢;(z) = —dv(2)
is equal to d¢™)(z) = (1 — 22)~/2dzx (asociated
with the Chebyshev polynomials of the first kind)
or equal to doV) (z) = (1—22)'/2dz (asociated with
the Chebyshev polynomials of the second kind),
then we have A,,;1 =1 for m =2,3,...,n. Hence
the maps given by (4.1a) can be expected to be safe
if dgy varies little from do(™) or dp(V).

Now the stability behavior of the map in (4.1)
can be verified as follows.

Let 0y®) be the perturbation in y*) as a result
of the perturbations 6Hj and 6x*~1 in Hj; and
%=1 respectively. Thus, we easily obtain that

15y ™| [6H|
(Hy)|
[y ™ [ Hl
(5X (k—-1)
ot o)
where c(Hy) = ||Hyl|||[H;'| is the condition num-
ber of Hy. Hence for good stability of (4.1) it is

preferable that ¢(Hy) does not increase rapidly with
k.

The inverse of the matrix Hy is easily found to
be

1 0 0 0 0]
hoy 1 0 0 0
h3,1 h3,2 1 - 0 0
ht—11 hg—12 hr—13 -+ 1 0

| Pk hi2 hi,3 higgr—1 1

where, for j =1,2,...,

—(1=4j41),
hij=—(1=2801)[licji0 s, i=7+2,... k.

k-1,

hjv1, =

These results indicate that the condition number
c(Hy) depends on the values of A;, j = 2,... k.
Normally, what one can say is Ajy; > 0 for j > 1
and {A;41/4} is a chain sequence. This means,

0<Aj11 <4, 721



Clearly if all the A; are closer to one then c(Hy)
also takes a value closer to one. This is the case
if dgy(z) = —dv(z) = d¢W)(z), when we have
Ajr1 =1,7 =1,2,... . Consequently, we can
expect (4.1) to be stable if d¢, varies little from
d¢p¥)(z). That is, all the A, stay closer to 1.

Stability of (4.1) when d¢; varies little from
d¢T)(z) can also be established since we have
doo ~mand |do;| <€ j=1,2,...,n
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