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Generally speaking, the superconvergence is de-
fined as a higher order of convergence which is ex-
hibited by interior points of the finite element solu-
tion where the derivative assumes an O(h**!) con-
vergence, thus, one order higher when compared
with an O(h*) of the finite element derivative field.
Historycally, the higher order accuracy property
was first noticed by Barlow[1] and its existence was
firstly formulated by Strand and Fix[6]. This con-
cept can be extended to similar properties but refer-
ing to O(h¥*+?) convergence and O(h**3) conver-
gence called simply ultraconvergence and hypercon-
vergence by using systematically the Taylor’s Series
Theorem[4]. The superconvergence is also linked
to the concept of reduced integration and zero en-
ergy modes so important in the Finite Element
Theory[8]. The superconvergence points are of util-
ity as sampling points for the finite element de-
signers in formulations like gradient smoothening or
gradient recovery in the sense of The Superconver-
gent Patch Recovery as sketched by Zienkiewcz[7].
However, the major significance of these points that
explains all kind of numerical and analytical studies
in this topic refers to their application in adaptive
finite element analysis, especially for construction
of error indicators based on the recovered gradient
or hessian.

Limiting the discussion to one dimensional prob-
lem for a discretization with equally spaced nodes
and using a lagrangian basis, the finite element in-
terpolant for a given exact function u is written
simply as

(1)

where u; = u(x;) is the degree of freedom calcu-
lated in the nodal point x;. The functional degree
of freedom w; is, then, expanded around a point T
inside the element by applying the Taylor’s series
expansion which can be expressed as

Family
u(e) = 2 (@, )
1=0

where h, = x; —Z. In order to characterize the ex-
istence of superconvergent points for the first order
derivative the main idea consists of calculating the
points T inside the element where the exact error
expression satisfy the superconvergence condition
given by ||u'(Z) — uj,(T)|| = O(R*1) .

Hence, starting from a Lagrange’s Family element
interpolant which derivative is calculated by dif-
ferentiating the interpolant, a set of superconver-
gent points for the first order derivative is, then,
obtained by calculating the zeros of the following
polynomial:

k
dL;
s(x) = E da(cx) bt — (k+1)2F =0,
i=0

3)
where {L;}¥_, is the Lagrange’s Basis, k is the spec-
tral order of the interpolation and x is the coordi-
nate of an arbitrary point inside the reference el-
ement. If the symbolic software, Mathematica, is
used a remarkable set of points can be calculated
analytically which are the zeros of Legendre polyno-
mials and, hence, the Gaussian quadrature points
but not for higher spectral order as infered from
Table 1. It’s important to emphasize that the com-
pleteness property of the Lagrange’s basis is fun-
damental in order to simplify the deduction by ap-
plying the ideas firstly discussed by Carey|[2]. Basi-
cally, the completeness consists of several identities
that depends on the degree of lagragian basis func-
tion. The fundamental expression in terms of com-
pleteness property represents the partition of unity
and is written as



Similarly, expressions like the previous one can
be proved but their number restricts their citation.

Let us consider a three node one dimensional el-
ement. Assuming that the midpoint z; is free the
superconvergence function s(z) is written as

s(x) = ag(z1)2? + ai(x1)x + ap(x1) = 0. (5)

If the nodal points are equally spaced inside
the element this polynomial coincides with the
Legendre polynomial where as(z1) = 3,a1(x1) =
0,a0(x1) = =1, which zeros are the Gaussian
quadrature points. However, if the midpoint is ran-
domlly positioned inside the element, then, the su-
perconvergence function is

s(z) = 322 + 2z10 — 1 =0. (6)
Therefore, the polynomial coefficients are not in-
variant under a coordinate changing of the nodal
points. Such counter-example shows clearly that
the superconvergent points position may vary inside
the element for an arbitrary element with random-
lly distributed nodes.

The consistence of formulas can be also applied to
explain the coincidence between the Barlow points
and Gaussian quadrature points for linear elements
in 1D with nodes g and x;. In this particular case,
the superconverence points is simply the zero of the
superconvergence function

s(z) = -2z +x9+ 21 =0. (7)
Obviously, the zero is the centroid of the element
which coincides exactly with the Gauss quadra-
ture point obtained by calculating the zero of the
Legendre’s polynomial over the reference element
[—1,41]. One can reproduce exactly the supercon-
vergence function for a two node element by com-
paring the former with the Legendre’s polynomial
written in the form

Po(x) = D2[(2* — 1)), D7 = L

T = g’

(8)

for n = 0 and determining the zeros of P, y1(x) =
Pot1(z) = Dg[(2® - 1)1].

Let us now assume that the nodal configuration
inside a five nodes one dimensional element permits
x1 and x3 vary freely while zg = —1,22 = 0 and
x4 = +1. To simplify the algebrism, is assumed
that 1 and x3 are symmetrically placed, thus, 1 =
—x3. After substituting all completeness properties
for a quartic element and the symmetry condition
imposed, the superconvergence funtion is written as

s(z) = 5x* + [-3(1 + 23|z + 2?2 = 0. (9)
Firstly, this confirms one more time that the co-
efficients depend on, in general, the nodal coordi-
nates. In conclusion, the superconvergence function

are not invariant for a configuration of randomlly
distributed nodes inside the element.

Similar calculations can be performed for a four
nodes one dimensional element by assuming, with-
out limitation of generality, that z; and xo are
varying freely under the symmetric configuration of
nodes expressed as xr; = —xo while the end nodes
are fixed and set to be g = —1 and z3 = +1. In
this case, the superconvergence function is written
in the form

s(x) =22% — (1 +2d)z =0, (10)

By comparing the superconvergence function
s(x) for a cubic element with a Legendre’s poly-
nomial of third degree which zeros are calculated
from 523 — 3z = 0, one can infer that the zeros of
s(z) reproduces exactly the Barlow points, setting
x1 = —x9 = —1/3 as illustrated in Table 1.

In fact, MacNeal[3] found out that Gaussian
quadrature points and Barlow points are coincident
for lower order elements whereas it is not true for
higher order elements as illustrated in Table 1. Sim-
ilarly, Prathap[5] showed how to determine the Bar-
low points from a variational basis and from the
Taylor’s Series approach is also possible to work
out that for not equally spaced nodes inside the el-
ement, in general, the superconvergence point can
change its coordinate.

In this direction, one open question emerges from
the invertibility of the isoparametric mapping re-
lated to the existence of superconvergent points if
distorced and higher order elements are used. The
natural question is now directed to the geomet-
ric transformation under which the reference ele-
ment is mapped onto an arbitrary, general element.
Mathematically, the problem consists of calculat-
ing the zeros of superconvergence function s(F(£)),
where 2 = F(£) represents a geometric mapping be-
tween the cartesian co-ordinates system x and the
normalized co-ordinates system &. What assump-
tions should be imposed to the geometric mapping
x = F(£) in order to keep on the superconvergent
point? In finite element calculations, the mapping
x = F(§) is the well-known isoparametric mapping
that is not a afinne mapping for higher order ele-
ments. In summary, what such a kind of geometric
transformations can preserve the set of supercon-
vergent points inside the element? It is a partic-
ularly important point since that in finite element
applications the mesh refinement leads to varying
valence discretizations and several error indicators
are based on gradient recovery. For higher spatial
dimensions the complexity is seriously higher since
that the set of superconvergent points represent a
superconvergence curve in 2D case or a supercon-
vergence surface in 3D case. These topics will be
discussed as well.
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Tabela 1: Spectral order and coordinates for supercon-

vergent points in the sense of Taylor’s expansion in 1D.
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