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Abstract

We derive a closed form for the Jordan decomposi-
tion of companion matrices with emphasis on prop-
erties of generalized eigenvectors. As a by product
we provide a formula for the inverse of confluent
Vandermonde matrices and results on sensitivity of
roots of polynomials.

1 Introduction

We are concerned with companion matrices of the
form

0 0 0 —ao

1 0 0 —aq
c=101 0 —ag (1)

00 - 1 —am-1

where a; € €,i = 0,...,m — 1. Matrices like this
appear in a variety of areas in science and engineer-
ing [1, 2, 3, 5,9, 11]. There is a close relationship
between companion matrices and polynomials in a
complex variable. Of course, roots of polynomials
can be computed as eigenvalues of C' and vice versa.
This relies on the fact that the characteristic poly-
nomial of C, det(t] — C) = =(¢), is readily proved
to be w(t) = ap + art + -+ + apy_1t™ L+t

We denote by Aq, ..., A\, the p distinct eigenvalues
of C and by my,...,m, their respective algebraic
multiplicities (i.e, w(t) = (t—=X1)™ (t—A2)™2 - - (t—
Ap)™? with my 4+ --- +mp = m). The fact that
C' is a non derogatory matrix [8, 10] ensures thus
that a particular Jordan decomposition of C' can be
written as

I

where for i =1,...p,
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‘])\i: < - G(Dmixmiv
1
i
Ly
o RS S
Ly,

where I is the m x m identity matrix, B; € C™*™,
and L; € C™*™. The columns of R; (resp. L} )
represent a right (resp. left ) Jordan chain associ-

[mi]

ated with \; the leading eigenvector being R;e;
(resp. L*e%i]). The star symbol denotes conju-
gate transpose, i.e., L* = LT, and egmi} is the j-th
column of the m; x m; identity matrix.

In this work we describe a closed form for the
Jordan decomposition of C' concentrating on prop-
erties of generalized eigenvectors. This leads to a
formula for the inverse of Confluent Vandermonde

matrices and results on the sensitivity of the roots
of m(t).

2 Jordan Decomposition of
Companion Matrices

In this section, we provide an explicit Jordan de-
composition of C. The following technical result
will be needed.

Lemma 2.1 For arbitrary A € € we set ¢p(\) =
[, ..., X" YT and define by ¢"™)(\) the m-th
derivative of ¢(\) with respect to \.

Let H be the m X m matriz



al ag tee Am—1 1
a2 “ee am71 1
H=1 1 (3)
Am—1 1
1

Then for any integers i and j, there holds
ST L D) ()
i! J! (i+j+1)
Proof. The proof is done by induction on ¢. For
1 = 0 an elementary computation shows that

PN ()
S TR RV
Assume now that for a given ¢,
BT L D) ()
i! J! (i+j+1
Taking the derivative of the above expression with
respect to A yields
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SHITR) y 0D0) | 0
7! 4! (i4+7+2)!
ri+i+2)())
(i+j+1)
which shows that
¢(i+1)T(/\) I ¢(j)(>\) 7T(i+j+2)(/\)
il T T
) ati+2) () i+ 1)r(i+2) ()
G+ pEEO) (i Dy
(i+7+2)! (i+j+2)!
which completes the proof. [
Proposition 2.2 Define R, = [r1,72, " m)

G-1)
where r; = H%l()’,\’) The set {r1,r2,,Tm, }

is a right Jordan chain of C associated with the
eigenvalue A\; and r1 is the leading right eigenvec-
tor. Similarly, define Ly = [li,l2,---,lm,] where

I, = % The set {Z1,72,~~~,iml} is a left
Jordan chain of C associated with the eigenvalue
A and 1y, is the leading left eigenvector. The left

and right generalized Jordan chains satisfy

*
0y
LR = [ 1 Tmy ]
u*
L lml
a1 Qg Omy_; Oy (4)
aml—l
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=F eQmxm™,

W(mmq)(/\l)

h =
where o (£ i= 1!

Proof. For arbitrary A of multiplicity ¢ consider
the vectors rq,...,7rq. It is clear that these vectors
are linearly independent. Thus, if we set rg = 0,
we have to prove that r; is a right eigenvector of C'
associated with A and that
(C—)\I)Tj:Tj_l, 1§j§q.

()

For this, if z = [x1 -+ 2,,]7 is a right eigenvector of

C' associated with A then

—aoTm = Ar
T1 — A1Tm = Ax9
Cr =\ —
Tm—2 = Qm—2Tm = ATm_1
Tm—1l = Om—1Tm = AIm

This shows that x,, cannot be zero otherwise x
would be the 0 vector. Setting z,, = 1 it is easy
to see x = H¢(A). Thus one has

CHO(\) = AHO(N). (6)
We now prove the conditions (5). Taking derivative
with respect to A in (6) we have
CHoW(N) = Ho(\) + AHD (V). (7)
This shows that (5) holds for j = 2, and an in-
ductive argument obtained by repeated differenti-
ation of (7) concludes the proof in the case of the
right generalized eigenvectors. A similar proof can
be obtained for the generalized left eigenvectors by
starting with ¢(\)TCT = ¢(\)T X instead of (6) and
taking the derivatives of this equality. The normal-
ization factors a; are a consequence of Lemma 2.1.

O

To obtain the Jordan decomposition, we trans-

form the left Jordan chain so that the normalization
(2) holds.

Proposition 2.3 Define L} = [l1,l2, - ,lm,] =
LyF7*. The set {l1,la,--,lm,} is a left Jordan
chain of C associated with the eigenvalue Ai, lm,
being the leading left eigenvector.

The left and right generalized Jordan chains are
normalized so that

Ii

LR = : [ 1 Tm, } =] e R™>*™,
I,

5 (8)

Similarly, we define Ry = [F1,T2,...,Tm,] =

[r1,... Tml]Fl_l. The set {71, 72,...,Tm, } i a right
Jordan chain of C' associated with the eigenvalue \;,
and LiR; = I € R™>m,



Proof. Let v; be defined by the recursion

Y1 = 1/0{1, .
Yi+1 = —a% 22:1 Qipy2Vk, ©=1,...my—1."7
in such a way that
Y1 72 Ymy—1 Tmy
Ymi_1
G= . =r!
72
T

The set {?ml . ?1} forms a right Jordan chain of C*
associated with )\;. For any nonsingular matrix X

V] %

commuting with Jx,, [[m, ...01]X is a right Jordan
chain CT associated with )\;. By definition of the
s, [ lm L] = [ ln L ]G A di-
rect computation shows that G commutes with Jy,,
which implies that {l,,,, --,l;} is a right Jordan
chain of CT associated with \;, that is, {l;,...,lm, }
is a left Jordan chain of C associated with A;. Since
by definition of the v;’s, GF; = F;G = 1, it follows

i i
[r1...tm) ] =G| [r1...

: Tmz] =1,
l:;u

*
L,

and the first part of the proposition is proved. The
proof of the remaining part is a consequence of Eq.
(4) since [ry .. .7, ] F;" is a right Jordan chain of C
associated with \; as we have seen that F~! com-
mutes with Jy,. O

3 Eigenvector properties

An immediate consequence of (8) is an explicit for-
mula for computing the inverse of confluent Vander-
monde matrices as described in the corollary below.

Corollary 3.1 (Inversion formula) Let L be the
confluent Vandermonde matriz defined by L* =
[Li...L:. Then L™' = [Ry -+ R JF~! with
F = diag(F1, ..., Fp).

It is known that right eigenvectors of companion
matrices like the one we use here can be computed
by applying the Euclidean algorithm to divide 7 (t)
by (t — \;) (see, e.g., Toh and Trefethen [6] or Bez-
erra and Bazan [3]) yielding in our notations a de-
flated polynomial

71 (t) = o) r = w(t)/(t — \)).

This shows that the coefficients of the right eigen-
vector can be seen as coefficients of a deflated poly-
nomial. The following proposition shows that the
complete right Jordan chain [ry...r,,] also enjoy
this property.

Proposition 3.2 Define m;(t) = ot)Tr; (i =
1,...,my) where r; are generalized right eigenvec-
tors of C as introduced in Prop. 2.2. Then m; is a
monic polynomial of degree m — i of the form

mi(t) = (t =)™ =)™

#

(9)

Sl
—_—r

Proof: It is clear that all m; are monic polynomi-
als of degree m — i. The definition of the r;’s and
successive differentiation imply

mt) = 6T Ho()

() oM (1) Ho(N)

O = o mmsny WY
ﬂngU(t) ¢mi=DT (1) Ho(N).

If t = \;, Prop. 2.1 implies that (10) can be rewrit-
ten as

7Ti(/\l) =
= (i,

But since )\; is a multiple root of m, this equality
implies that A; is aroot of m; (i =1...m; — 1) and
a recursive argument shows that this root is of mul-
tiplicity my; — 4. If t = Ag # Ay, a similar procedure
and the existing biorthogonality condition between
left and right generalized eigenvectors leads to

i— . (i=1)
V) = (- 11T ) H LY
Diri=1(\)

izl,...,ml

=

i—1
= (- 1)!¢T()\1)H¢(i,71(ﬁk)
=0,

izl,...,ml,

i (Ax)

which concludes the proof. [

Remark A comment concerning the meaning of
this proposition is in order. Let C; (i = 1,...,m; —
1) denote the (m — i) x (m — ) companion ma-
trix associated with the polynomial 7; and, for
1=1,...,my, let #; be the vector formed by taking
the first m —i+ 1 components of ;. Then, with the
convention that Cy = C, the proposition ensures
that

Ci—1Ti = NiT4,

(11)

and ); is a simple eigenvalue of the companion ma-
trix Cy,, —1. For future reference, the left eigenvector
of Cpm,—1, will be denoted by (). It is defined by

() =1, A,

i:l,...ml,

ST (12)

3.1 Numerical illustration: Jordan

decomposition

We present an illustration of the above notions
for m =5, (Ar,m1) = (1,2), (A2, m2) = (2,2),



(A3, m3) = (3,1), in which case, 7(t) = (t — 1)%(t —
2)%(t — 3). We show how to obtain easily a Jordan
form of the companion matrix associated with 7.
Note that m(t) = 5 — 9t* + 31¢3 — 51¢2 + 40t — 12.

e Caseof A=1,m; =2.
From (t — 2)%(t — 3) = t3 — 7t + 16t — 12 and
(t—1)(t—2)*(t—3) = t* — 8>+ 23t — 28t + 12
follows using Proposition 3.2 and the definition
of the Zi’s that

12 —12 0 1
—28 16 11

Ry = 23 7 |andli=| 2 1
-8 1 31

10 41

From 7(?(1)/2 = —2 and 7 (1)/6
obtain

I
JCY\
2

-2 5 . 1 -2 =5
F1< 0 —2)’F1 Z( 0 —2>
-5 -2
-7 =2
and Lj = LiF* =1 -9 -2
—11 -2
-13 -2

e The same calculation for the
roots gives

R = [RI)RQ)RB]

two remaining

12 —12 6 —3 4
—28 16 —-17 7 =12
= 23 -7 17 -5 13
-8 1 -7 1 -6
1 0 1 0 1
and
L = [LI,L;,L;]
-5 =2 4 -4 1
-7 =2 4 -8 3
=1 -9 -2 0 —-16 9 ’
-1 -2 -16 -—-32 27
-13 -2 —64 —-64 81
yielding
RJL =C,
where J (a Jordan matrix) and C are of the
form
1 1 0 0 0
01 0 0 O
J=]100 21 0],
00 0 20
0000 3
00 0 O 12
1 0 0 0 —40
cC=|(010 0 51 [,
0 01 0 =31
0 0 01 9

which is a Jordan decomposition, as expected.

4 Condition estimation

We shall analyze the sensitivity of the roots of 7(t)
to perturbations in the coefficients a; viewing the
roots as eigenvalues of the associated companion
matrix C. Let 7(t) denote the perturbed monic
polynomial with coefficients a; = a; + Aa; and let
C denote its associated companion matrix. Then,
depending on the way the perturbations a; are mea-
sured, different condition numbers for A can be ob-
tained. Suppose for instance that the Aa;’s are
assumed to satisfy the componentwise inequalities

|Aa;| <eaj, j=1,....m—1, (13)
where «; are arbitrary non negative real numbers.
Similarly we denote by Xj, 7 =1,...d the eigenval-
ues of C corresponding to A for € small enough. We
set |AXN = max;j=1, 4|\ — A;j|. For the so-called
componentwise model of perturbations defined by
(13), we have the definition below, where for sim-
plicity, A; and its corresponding multiplicity m; will
be denoted by A and d, respectively.

Definition 4.1 ([4]) The componentwise relative
condition number of the root A of multiplicity d is
defined by

[AN|

C T
K ()\) = lim sup |)\|€—1/d

=0 |Aaj|<ea;

(14)

A precise description of this condition number is
the subject of the following proposition.

Proposition 4.2 Suppose the perturbations Aa;
satisfy (13). Then the componentwise relative con-
dition number of the root X of multiplicity d, k€(\),
18

1/d

m—1
> N oy
j=0

“O = | o)

(15)

Proof. A sketch of the proof is as follows. Let
{A\, 7} be a right eigenpair of C' = C + AC, with
X = A+ A\ 7 =r+Ar. Then (C + AC)(r +
Ar) = (A+ AN (r+ Ar) iff CAr+ ACr+ ACAr =
AA7T + AXr 4+ AMAr. Using the fact that the right
eigenvector 7 of C' is (see Prop. 2.2)r+Ar = Hp(N),
where H = H + AH has the same structure as H
but with entries a; = a;+Aaqj, it can be proved that
the m-th component of Ar equals zero. Next, use
this observation and the fact that AC = —Aaewfl*
where Aa = [Aag, Aay...,Aa,_1]7 and eLZL] is
the m-th canonical vector in IR™, to prove that

ACAr = 0. (16)

Some algebraic manipulations lead then to the fol-
lowing first order result



d 6T (\)Aa

AN = 22 U
()

(17)
from which the proof follows. [J

Remark 1. Another condition number for A can be
readily obtained if the perturbations are assumed to
satisfy

[Aall2 < b, (18)

where « is an arbitrary positive real number (e.g.,
a = ||a||2). This gives rise to the so-called normwise
relative condition number k(). It is immediate that

1/d
w0y = L (ol
AL\ (7 @D )]
Remark 2. When the perturbations are measured
in a normwise absolute sense. i.e., when a = 1

n (18), a similar procedure leads to the so-called
normuwise absolute condition kq(\) which can be

shown to be
d!l|p(N) |2
) = [ ]

Proposition 4.3 Assume the same hypothesis as
in the previous proposition. Let sec©) be the se-
cant of the angle between the leading left generalized
eigenvector and the last right generalized eigenvec-
tor associated with the eigenvalue A, as defined in
Prop. 2.2, i.e.,

(19)

(20)

_ oM l2llrall2
secO) = —F——- 21
7O 2!
and define
—d+k
— 2 _
wr = || +2|)\|cos(m_d+k+l), k=1,...,d

Assume also that the perturbation Aa satisfy the
model (18) with a = ||al|2. Then the condition num-
ber k(\) given in (19) satisfies

1

7||a||§ 2) - [sec ©,]/4  (22)
1+ lallz

<) = 1 (

Proof: Omitted because of space limitation.
There exists a close relationship between sec ©
and the Wilkinson number of A when regarded as
eigenvalue (simple) of the companion matrix Cyq_q
n (11) (or equivalently, as simple root of m4_1(t),
see the remark after Prop. 3.2). This can be seen
as follows. Since A is an eigenvalue simple of this
matrix, the Wilkinson condition number of X is [12]

[ Wlzl|7all2

= T )

From this, because ¢7(\)ry =
again), it is clear that

P*(N)Fq (see (11)

[e(Nl2
[KAeVIEN

It turns out that if the the multiplicity d is not large
and |A| is a moderate number then

sec©®y =

Fow (M) 7 (23)

sec Oy = Ky (A),

in which case k(\) essentially depends on k., ().
Thus if A is a well conditioned eigenvalue of the de-
flated companion matrix Cy—; (or equivalently, a
well conditioned simple root of m4_1(¢) ) and the
ratio ||¢(A)||2/]|¥(A)]|2 is rather small, then moder-
ate values for k() may be expected. However, even
if k() is small, the error in A will be determined
by the multiplicity d and the size of Aa;. In gen-
eral, if the perturbations Aa; are small enough, the
relative error in A can be estimated by the rule

A
ﬂ ~ /@'()\)61/‘1. (24)
Ry
while the absolute error by
|AN] & Kq(N)0Y/4, (25)
4.1 Numerical illustration: Condi-

tion estimation

We consider the polynomial 7 (t) of degree m = 20
defined by

7(t) =

with A = (1 +9s) + si, 0 < s < 2. This ex-
ample is designed to illustrate the role of the de-
flated polynomial 74—1 (in this case d = 5, see
Prop. 3.2) in estimating the sensitivity of a multiple
root. In fact, as in in this case the deflated polyno-
mial 74_1(t) = (t—=\)(1+t+- - -+t'%) reduces to the
polynomial t16—1 when A = 1, all roots of which are
known to be extremely well-conditioned [7, Exam-
ple 4.3], small condition condition numbers for the
multiple root A (as root of 7 (t)) can be expected
provided that A ~ 1, the conditioning being more
favorable for the (simple) roots of 7(¢) (the roots of
1+t+---+t!%). Indeed, if the simple roots of 7 (t)
are denoted by S\k, it is not difficult to prove that

(L4 AP+ A 4 4 AP
[Ty 1A = Axl02
whereas for simple roots one has

< VE Ak —1
na(xk):—y.
8 Ak — AP

(t=A°(1+t+---+t9

Ka(N) =

)

Some numerical results displayed in Tables 1 and
2 corresponding to several A’s confirm the theoret-
ical prediction. The tables include condition num-
bers, the predicted eigenvalue errors described in



(24) and (25), and the ratio p = [|¢(N)]|2/]|(N)])2.
Also, and mainly to verify the theoretical predic-
tion of the error, approximate roots obtained from
polynomials with coefficients a; = a; + Aa; where
Aa; are random numbers satisfying a normwise rel-
ative error § = 10710, are displayed in Figure 1. All
computations were performed using MATLAB.

[4] F. Chaitin-Chatelin and V. Frayssé. Lectures
on Finite Precision Computations. SIAM,
Philadelphia 1996.

M. I. Friswell, U. Prells and S. D. Garvey, Low-
rank damping modifications and defective sys-
tems, Journal of Sound and Vibration, Vol.
279, pp. 757-774, January 2005.

A | s ] ke ] Koy [6] K-C Toh and Lloyd N. Trefethen, Pseudozeros
19+ 2 1.3169¢ +1 | 1.0480e +1 | 3.7970e + 0 of polynomials and pseudospectra of compan-
15+ 1.52 1.0724e +1 | 8.6469¢ +0 | 3.7443¢ +0 ion matrices, Numer. Math. 68, 403-425, 1994.
104 7.4747e +0 | 6.2102¢ + 0 | 3.6221e +0
5+ 0.5 3.9220e + 0 | 3.4955¢ +0 | 3.2743¢ +0 [7] W. Gautschi, Questions of numerical condition
1.45 4+ 0.05¢2 | 1.5800e +0 | 1.1384e +0 | 1.7266e + 0 related to polynomials, in MAAA Studies in
1 1.2693e + 0 | 7.7495e — 1 | 1.0000e 4 0 Mathematics, Vol. 24, Studies in Numerical
Analysis, G. H. Golub, ed., USA, 1984, The
Table 1: Condition numbers. Mathematical Association of America, pp. 140-
177.
[8] G. H. Golub and C. F. Van Loan, Matrix
Computations, The Johns Hopkins University
A | ) | [AN/IA] ] [AN] Press, Baltimore, 1996.
19+ 22 1.3322e +5 | 1.3169¢ — 1 | 2.5159¢ + 0
15+ 150 | 51642 +4 | 1.0724e — 1 | 1.6167¢ +0 (9] P- de Groen and B. de Moor, The fit of a sum
10+ 1.0201e + 4 | 7.4747¢ —2 | 7.5120e — 1 of exponentials to noisy data, Comput. Appl.
54050 | 6.3756e+2 | 3.9220e —2 | 1.9707¢ — 1 Math. 20 175-187, 1987.
145 J{ 0050 leﬁégi Ig 122%: : g ?323@2 : ; [10] R. Horp and C.h. R.. Johnson, Matrix Analysis,
Cambridge University Press 1999.
Table 2: Ratio p and predicted errors . [11] H. M. Msller and J. Stetter, Multivariate poly-
nomial equations with multiple zeros solved by
matrix eigenproblems, Numer. Math., Vol. 70,
The results confirm that moderate values of k() pp. 311-329.
do not necessarily imply small eigenvalue errors
when the multiplicity is rather large and that rea- [12] J. H. Wilkinson, The Algebraic Eigenvalue
sonably small errors can be expected when both Problem, Oxford University Press, Oxford,
the Wilkinson condition number k., (A) and the ra- UK, 1965.
tio p are small. Further, the theoretical prediction
of the eigenvalue error according to (25) displayed
in columns 3 and 4 of Table 2 is verified to be con- .
sistent with the numerical results as displayed in N
Figure 1. The relative insensitivity of simple roots 250 *
is also apparent, as predicted. .
151 4 * [¢)
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