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Abstract

The past two decades showed a rapid growing of
physically-based modeling of fluids for computer
graphics applications. Techniques in the field of
Computational Fluid Dynamics (CFD) have been
applied for realistic fluid animation for virtual sur-
gery simulators, computer games and visual effects.
In this paper we focus on gas-liquid modeling for
computer graphics applications. The main goal of
our work is the development of a technique to create
realistic animations of gas-liquid systems through
computational simulation. Specifically, we model
and simulate the gas through a Lattice Gas Cellular
Automata and the liquid by Navier-Stokes equations
and the Smoothed Particle Hydrodynamics (SPH)
method. We combine the advantage of the low com-
putational cost of cellular automata, the realistic
fluid dynamics inherent in the Navier-Stokes and
the efficiency of SPH for problems with dynamic
boundaries to develop a new animating framework
for computer graphics applications. In this work,
we discuss the theoretical elements of our proposal
and show the mentioned advantages for 2D flows in
the experimental results.

1 Introduction

Physically-based techniques for the animation of
natural elements like fluids (gas or liquids), elas-
tic, plastic and melting objects, among others, have
taken the attention of the computer graphics com-
munity. The motivation for such interest rely in the
potential applications of these methods and in the
complexity and beauty of the natural phenomena
that are involved [11].

In this paper, we focus on physically-based fluid
animation for computer graphics applications (see
[11] and references therein). Basically, the works in
this area fall in two categories: Realistic fluid and
Interactive, or Real-Time, fluid animation. The for-
mer is more suitable for the special effects industry
while the later is appropriate for interactive applica-

tions like computer games and virtual surgery. The
work [4] is a remarkable one in this area which in-
cludes fluid equations and numerical technique [8],
shortly Computational Fluid Dynamics (CFD), and
scientific visualization methods. The literature of
this field reports gas [4] and water simulations [12],
interaction between liquids and deformable solids
and others [11].

A majority of fluid animation methods in com-
puter graphics use 2D/3D mesh based approa-
ches that are mathematically motivated by the Eu-
lerian methods of Finite Element (FE) and Fi-
nite Difference (FD), in conjunction with Navier-
Stokes equations of fluids [8]. Recently, the mesh-
free methods like Smoothed Particle Hydrodynamics
(SPH) [12], Mowving-Particle Semi-Implicit (MPS)
and the Method of Characteristics have been ap-
plied (see [7] and references therein).

On the other hand, cellular automata based mo-
deling tries to emulate the system through a set of
agents that encapsulate the behaviors of the par-
ticles that make up the system [1]. For instance,
that is the philosophy behind Lattice Gas Cellular
Automata (LGCA) models for fluids [3, 5]. These
are discrete models based on point particles that
move on a lattice, according to suitable and simple
rules in order to mimic a fully molecular dynamics.
Such bottom-up framework needs low computatio-
nal resources for both the memory allocation and
the computation itself.

In this paper we focus on gas-liquid modeling for
computer graphics applications. We model and si-
mulate the gas through a Lattice Gas Cellular Au-
tomata, the FHP model, and the liquid by Navier-
Stokes equations and the Smoothed Particle Hy-
drodynamics (SPH) method. The FHP model, in-
troduced by Frisch, Hasslacher and Pomeau [3], is
simpler than the known Lattice Boltzmann models
, but the obtained results for lower density flows
have been suitable for our computer graphics ap-
plications. Also, by Chapman-Enskog expansion,
a known multiscale technique in this area, it can
be demonstrated that the Navier-Stokes model can



be reproduced by FHP technique. However, there
is no need to solve Partial Differential Equations
(PDESs) to obtain a high level of description. The-
refore, when combining Navier-Stokes, LGCA and
SPH, we get the advantage of the low computa-
tional cost of cellular automata, the realistic fluid
dynamics inherent in the Navier-Stokes and the ef-
ficiency of SPH for problems with dynamic boun-
daries to develop a new animating framework for
computer graphics applications.

We could try to simulate both the phases through
a Lattice Gas Model [3]. However, a known problem
of such approach is that no mathematical unders-
tanding is gained of which parameters lead to de-
sired behaviors. Thus, the use of Navier-Stokes for
the liquid modeling aims to allow standard ways to
control the system. The paper is organized as fol-
lows. Section 2 describes the FHP model its multis-
cale analysis to get Navier-Stokes behavior. Section
3 describes the SPH method. The experimental re-
sults are presented on section 4. Conclusions and
future works are given on Section 5.

2 FHP and Navier-Stokes

The FHP was introduced by Frisch, Hasslacher
and Pomeau [6] in 1986 and is a model of a two-
dimensional fluid. It can be seen as an abstraction,
at a microscopic scale, of a fluid. The FHP mo-
del describes the motion of particles traveling in a
discrete space and colliding with each other. The
space is discretized in a hexagonal lattice.

The FHP particles move in discrete time steps,
with a velocity of constant modulus, pointing along
one of the six directions of the lattice. The dyna-
mics is such that no more than one particle enters
the same site at the same time with the same ve-
locity. This restriction is the exclusion principle;
it ensures that six Boolean variables at each lattice
site are always enough to represent the microdyna-
mics.

The velocity modulus is such that, in a time step,
each particle travels one lattice spacing and reaches
a nearest-neighbor site.

When exactly two particles enter the same site
with opposite velocities, both of them are deflected
by 60 degrees so that the output of the collision is
still a zero momentum configuration with two par-
ticles. The deflection can occur to the right or to
the left, indifferently. For symmetry reasons, the
two possibilities are chosen randomly, with equal
probability.
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Figure 1: The two-body collision in the
FHP.

When exactly three particles collide with an an-
gle of 120 degrees between each other, they bounce
back to where they come from (so that the momen-
tum after the collision is zero, as it was before the
collision). Both two- and three-body collisions are
necessary to avoid extra conservation laws. For all
other configurations no collision occurs and the par-
ticles go through as if they were transparent to each
other.

The full microdynamics of the FHP model can be
expressed by evolution equations for the occupation
numbers defined as the number, n; (7, t), of particle
entering site 7 at time ¢ with a velocity pointing
along direction ¢;, where ¢ = 1,2,...,6 labels the
six lattice directions. The numbers n; can be 0 or
1.

We also define the time step as A; and the lattice
spacing as A,.. Thus, the six possible velocities v; of
the particles are related to their directions of motion
by

LA

Vi = ——C;.
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The microdynamics of a LGCA is written as

(1)

n; (F+ ApGiyt+ Ay) = ng (Fyt) + Qi (n (7, 1)) (2)

where Q; is called the collision term [2].

We now define the ensemble average N; (7,t) =
(n; (7,t)) of the microscopic occupation variables.
Note that, N; (7, t) is also the probability of having
a particle entering the site 7, at time ¢, with velocity
given by equation (1).

Following the usual definition of statistical me-
chanics, the local density of particles is the sum
of the average number of particles traveling along,
each direction ¢;

p(Ft)=> Ni(Ft). (3)
1=0

Similarly, the particle current, which is the density
p times the velocity field , is expressed by.

p(F )i (Ft) = Y TN (7t). (4)
1=0

Another quantity which will play an important role
in the up coming derivation is the momentum tensor



IT defined as
z
os = > TialiaNi (7, 1) (5)
i=0

where the greek indices a and ( label the d spatial
components of the vectors. The quantity II repre-
sents the flux of the a—component of momentum
transported along the f—axis. This term will con-
tain the pressure contribution and the effects of vis-
cosity.

The starting point to obtain the macroscopic
behavior of the CA fluid is to derive an equation
for the N/s. Averaging the microdynamics (2) yi-
elds

N; (T4 A Gt + Ay) — N; (7, 8) = (Q; (n(7,1)))

(6)

It is important to notice that €; (n) has some

generic properties, namely

i:gl =0 e
i=1

expressing the fact that particle number and mo-
mentum are conserved during the collision process
(the incoming sum of mass or momentum equals the
outgoing sum).

The N;’s vary between 0 and 1 and, at a scale
L>>A,eT >> A4, one can expect them to be
smooth functions of the space and time coordinates.
Therefore, equation (6) can be Taylor expanded up
to second order and gives

A, (G - V) N; (7,t) + A0 N (7, )
+ % (A (@

3 (B2 (@ Ny (7,0) = {9 (0 (7,1)

Zm =0 (7
=1

(8)

where (8;)? is the second derivative in respect to
the time parameter t.

Following [6], we introduce a new space variable
71 such that

—

1:6F (§

(9)

with € << 1. We also introduce the extra time vari-
ables t; = et and to = €%t, as well as new functions
Nf depending on 7, t; and ta, Nf = Nf (t1,t2,71)
and substitute into equation (8)

Or = €0,

N,; — Nf 0y — €0y, + €20, Oy — €0p,

(10)
together with the corresponding expressions for the
second order derivatives. Then obtain new equa-
tions for the new function N;7. Thus, following
the Chapman-Enskog method, a standard proce-
dure used in statistical mechanics to solve an equa-
tion like (8) with a perturbation parameter €, we
assume that [13],

Nf = Ni(o) + eNi(l) + eZNZ@) +-- (11)

V)2 N; (7 t) + A A (G- V) 8N (7 t) &=

Besides, it is supposed that (£2; (n)) can be facto-
rized into €; (V). Thus, we write the contributions
of each order in e for right-hand side of (8):

= (00, (NO)\
O (N) = O <N<0>) FE ) N 2
(N) +6; aN; 5 +0 )
(12)
Using expressions (9)-(11) in the left-hand side of
(8) and comparing the terms of the same order in €
in the equation (12), yields

0() 0 (N©) =0 (13)

and

O (61) : 6laviaNi(0) + 8t1NZ.(0)

Lo~ (02 (NP) ) o
_EZ <3Nj N;

j=1

(14)

where the subscript 1 in spatial derivatives (e.g.
O1o) indicates a differential operator expressed in
the variable 7; and ﬁ—: (€ - V) = 010ia, from
equation (1).

We also impose the extra conditions that the ma-
croscopic quantities p and pu are entirely given by
the zero order of expansion (11)

0 " L (0
p= ZN; ) and  pii= ZviNi( ) (15)
i=1 i=1

and therefore

z

Ni(l) =0 and ZﬁiNi(l) =0, fori >1
1 i=1

(16)
Thus, following the development present in [5],
we can obtain (see [7] for some details):

Oep + div pil = 0 (17)

1
Opi +2C4G (p) (U - V)i = —;VP +vVia (18)

(k-5

is the kinematic viscosity of our discrete fluid and
the pressure term is

where

v = Aw?bCy (JlX — ;)

7At1)2
d+2

p=aCatp- | Z-cilpc ot @)

Equation (17) is the continuity equation. Ex-
pression (18) is equivalent to the standard Navier-
Stokes equation for incompressible flows [??7] if
C4G (p) = 1. The above development shows that
Navier-Stokes model can be approximately repro-
duced by the FHP technique without solving any
differential equation.



3 Smooth Particle Hydrody-
namics

In this work, we aim to simulate the liquid phase
by the Navier-Stokes equation (expression (18) with
CsG (p) set to 1) plus a state equation for the
pressure field, like P = c?p, where c is the speed
of sound in the fluid. We can also add the gra-
vity field (¢’) to the model, to obtain the following
Navier-Stokes expression:

5 (21)

p (8u + ﬁ-Vﬁ) =-Vp+pg + vV,
Such model can be simulated by the SPH method
described next, following the references [9]. The
two fundamental elements in the Smoothed Particle
Hydrodynamics method are an interpolation kernel
W and a particle system that represents a discrete
version (sample) of the fluid. The kernel estimate
of a scalar quantity A(r) is defined by:

(A(r)) = /S A" YW (r — ', h)dr, (22)

where the function W (r—r', k) is an (interpolation)
kernel which must satisfies the following properties
[9]:

1) Volume conservation:

W(r—r1' h)dr' =1,

Space

(23)

2) The kernel W should satisfy the Dirac delta

function in the limit:

lim W(r —1',h) =d(r —1').

Lim (24)

If we take a sampling of A then the A(r’) in equa-
tion (22) will be known only at a discrete set of
N points ry,rs,...,ry. Hence, thorough properties
(22)-(23) it is possible to show that [9]:

N
() = 32 AW —xh). - (25)
N M
(Ved(r) = p(ri)A(rj)VrW(r —1;,h). (26)

An analogous expression can be obtained by the
Laplacian. From equation (26) we can observe that
there is no need for a mesh to compute spatial deri-
vatives. With equations (25) and (26), we are ready
to write the discrete version of the fluid equations
(21).

The smoothing length h is the width of the kernel
and defines the distance at which a particle interacts
with other particles. It is equivalent to the size of
a grid-cell in finite difference methods.

We rewrite the terms of the Navier-Stokes equa-
tion (21), using this approach, as

4D o . .
Jrres = =% "m; sz ,p] VW (7 — 75, h)
; J

J

i T — T

visc __ J ? 2 = -

= g m; VW (7 — 7, h)
J Pi

rgrav -
fj = P95

where the f7"*** and f¥s¢ are the pressure and vis-
cosity forces. Only the gravity force f:gm” is consi-
dered as external force.

The density at each particle can be found from
the following equation

N
pi =Y _pym;W(Fi — 7, h).
j=1

However, we are considering the calculate density
less the initial density. This is necessary to avoid
extras forces in the surface of interaction between
the two fluids.

In order to have stability we adopt the following
kernel

Wgrav (Ta h) =

315 | (h*—1?)%, 0<r <h,
64mh?

0, cc.

15 h—r)3, 0<r<h,
Wp'r‘ess(ra h) = {( ) -

hS 0, cc.

insc (Ta h) =

15 {—;,;+;Z+h2f”, 0<r<h,

27h3 |0, cc.

4 Experimental Results

In this work we combine the FHP and Navier-Stokes
equations for computer graphics applications. We
simulate a gas system through FHP and a liquid by
Navier-Stokes plus SPH. From the point of view of
our work, the fact that the SPH is a meshfree is
attractive due the constant change in the surface of
interaction in the two phase flow.

The first point is how to model the interactions
between the two phases in the interfacial area. If
we take the development presented in [3, 7], we ob-
serve that the divergence of the momentum tensor
(equation (5)) generates the pressure contribution
and effect of viscosity. Other possibilities can be
found in the two-phase flows literature [5]. Howe-
ver, for simplicity, in this paper we follows another
way. Given a point 7in the interfacial area at a time
t, we take a neighborhood and compute the parti-
cles mean velocity ,,. Then, we set the interaction
force as:

—

Fipy = Tﬁm(ﬁ t)



where 7 is force scale parameter. This approach is
more intuitive than the other ones [5] and allows
the generation of interesting visual effects. The re-
sults presented are limited for bidimensional fluid
systems. Three dimensional extensions are discus-
sed in the next section.

Firstly, we highlight the simplicity and low com-
putational cost FHP. Figure 2 shows an initial con-
figuration with zero density in the middle of the
domain. There are 80.000 particles with position
and velocity directions randomly distributed. It is
not required any extra mathematical machinery to
deal with such density discontinuity because system
rules do not undergo modifications. Figure 3-5 pic-
ture this system after 10,50,300 time steps. The
lattice resolution for the FHP is 200 by 200 points.
The clock time was 22 seconds in a 2.4GHz Pentium
IV with 1GB of RAM memory.

The examples below were generated with v =
0.01 in equation (21). When the SPH particles col-
lide with the box boundary, we simply push them in
and reflect the velocity component that is perpen-
dicular to the boundary. The number of particles of
SPH was 78 for all results (Figures 14 and 15). The
particle systems that represent the liquid can be
rendered as a point-based model through the splat-
ting method [10]. The splatting method associates a
kernel to each point. The integration of these ker-
nels reconstruct the continuous fields. The liquid
phase is visualized by a 2D version of the splatting
method. The gas phase is visualized by a simple
gray scale map for the gas (particle) density.

Figures 6 shows examples of gas-liquid systems
with the forces in the interfacial area given by ex-
pression (4). This figure shows a stream of 1000
particles with vertical macroscopic velocity and the
liquid (blue) just before interaction. Figure 7, 8 and
9 show three snapshots of the system evolution with
the expected deformation of the interfacial surface
after 2 seconds. In Figure 10 we show the initial
configuration with 2000 particles randomly distri-
buted in space and vertical macroscopic velocity.
The obtained visualization (Figures 11, 12 and 13)
show also interesting and realistic effects. In this
case, the clock time was 6 seconds to complete the
166 iterations.

5 Conclusions and Future

Works

In this paper we propose to combine FHP and
Navier-Stokes plus SPH for gas-liquid modeling in
computer graphics applications. We discuss the
theoretical elements of our proposal and present
some experimental results. Further works are the
incorporation of external forces; for example, due to
user interaction. Also, we will implement the Lat-
tice Boltzmann models for 3D gas animation. In

this case, the visualization can be done by volume
rendering and/or texture mapping [11]
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Figure 14: Initial Figure 15: Initial
configuration of gas-liquid configuration of gas-liquid
system without blending system without blending
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