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Abstract

Five variants of the ant colony optimization
metaheuristic, namely Ant System, Ant Colony
System, Max-Min Ant System, Rank Based Ant
System, and Best-Worst Ant System, were imple-
mented and applied to discrete function as well as
structural optimization problems in order to com-
pare the different implementations. The results ob-
tained suggest the Rank Based Ant System as the
best implementation of the ACO in relation to the
efficacy and the quality of the final solution.

1 Introduction

The Ant Colony Optimization (ACO), inspired
by the observation of the foraging behavior of real
ant colonies, is a metaheuristic which uses the con-
cept of stigmergy (indirect communication medi-
ated by pheromone rates) in order to construct in-
creasingly better candidate solutions in a discrete
search space. The ACO algorithm can be summa-
rized as a set of computational agents (a colony of
ants) that move through states of the problem, us-
ing a stochastic local decision policy. After each
ant completes a trail (which defines a candidate so-
lution), the pheromone rates in that particular trail
are modified according to the evaluation of such so-
lution. The decision of the subsequent ants will be
affected for the amount of pheromone deposited by
the previous ants during the construction of their
trails.

The Ant Colony Algorithm was first proposed by
Dorigo (1992) in order to solve difficult combina-

torial optimization problems such as the Traveling
Salesman Problem (TSP) and the Quadratic As-
signment Problem (QAP). Since then, many vari-
ants of the basic principle have been reported in
the literature. Five of them were implemented here:
Ant System, Ant Colony System, Max-Min Ant
System, Rank Based Ant System, and Best-Worst
Ant System. These variants differ from each other
in the form of pheromone update in the environ-
ment. These different implementations were ap-
plied to some discrete optimization problems and
the results are compared by means of numerical ex-
periments.

The paper is organized as follows. Section 2 con-
tains the description of the ACO as its five variants
implemented. Section 3 describes the formulation
of the discrete optimization problem. Section 4 re-
ports the numerical experiments and Section 5 pro-
vides a discussion of the results obtained. Conclu-
sions are presented in Section 6.

2 Ant Colony Algorithms

The ACO metaheuristic consists of a colony of ar-
tificial ants with the characteristics to search good
solutions to discrete optimization problems. Each
ant builds a solution, starting from an initial state
selected according to some criteria. Ants can act
concurrently and independently, showing a coop-
erative behavior, using the stigmergy, an indirect
mechanism for their communication mediated by
pheromone rates, that governs the information ex-
change among the ants. Each ant, using a stochas-
tic local decision policy, moves through states of



the problem, and is able to construct a (feasible or
infeasible) candidate solution.

After each ant completes a trail, defining a can-
didate solution, the pheromone rates in that partic-
ular trail are modified according to the evaluation
of such solution. The decision of the subsequent
ants will be affected by the amount of pheromone
deposited by the previous ants during the construc-
tion of their trails.

Although real ants are simple agents with lim-
ited capabilities, the colony as a whole is capable of
executing several complex tasks.

Artificial ants have been inspired by the real ones
although they can be enriched with some capabili-
ties which are not found in real ants. Some similar-
ities with real ants are the existence of a colony of
cooperating individuals, pheromone trail and stig-
mergy, and the task of finding the shortest (mini-
mum cost) path joining origin and destination sites.
The main differences are: (i) artificial ants live in
a discrete world and their move are from one dis-
crete state to another, and (ii) they have an internal
memory of the search procedure. Furthermore, ar-
tificial ants deposit an amount of pheromone which
is a function of the quality of the solution found.
To make them more effective and efficient in solv-
ing difficult optimization problems it is reasonable
to give artificial ants some capabilities not present
in real ants.

In the following the ACO algorithms imple-
mented are summarized.

2.1 Ant System (AS)

Developed by Dorigo, Maniezzo and Colorni
(Dorigo et al., 1991), it was the first algorithm based
on ACO metaheuristic to solve the TSP. In the AS
algorithm, the evaporation occurs all over the trail
constructed by each ant. Besides that, pheromone
is deposited along the trail proportionally to the
quality of the corresponding solution.

The search space is represented by the pheromone
matrix τ , which has as dimensions the number of
variables and the number of values that each one
can assume.

Solutions in AS are constructed as follows: at
each step, an ant i, located at position j, moves to
the next position j + 1 with probability given by

pjk =
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where ηjk is the heuristic desirability of transition
and α and β are two parameters that weigh the
relative importance of the pheromone trail and the
heuristic information, respectively.

The pheromone trail is evaporated by reducing
all pheromone trails

τjk =

[

(1 − ρ)
τjk

∑

τjk

]

(2)

where ρ ∈ (0, 1] is the evaporation rate. Next, each
ant i deposits an amount of pheromone in its route

τjk = τjk + Q (3)

where

Q =
1

F (x)
(4)

and F (x) is the fitness function of the i-th ant. The
fitness function is a measure of the quality of the
solution, which will be defined in the Section 3.

A pseudo-code of the AS algorithm is displayed
in the Algorithm 1.

Algorithm 1 Ant System (AS)

1: for each colony do
2: for each ant do
3: generate route
4: evaluate route
5: evaporate pheromone in trails
6: deposit pheromone on trails
7: end for
8: end for

2.2 Ant Colony System (ACS)

Also developed by Dorigo and Maniezzo
(Maniezzo et al., 2004) to solve the TSP it was
the first successor and improvement of the AS
implementation.

In this case, besides the pheromone matrix up-
dating, before each ant completes its route the ACS
makes an extra update in the best global route.
This happens with an evaporation rate ρ2.

To add pheromone, ACS uses the same formula-
tion presented in Eq. (3). To update pheromone,
the Eq. (4) is modified by an extra constant σ, as
presented in Eq. 5.

Q =
1

σF (x)
(5)

In ACS, the choice of the route occurs in two
ways, using q0 as determination index. In each iter-
ation a q value is chosen randomly, if q > q0 the ant
chooses the route by Eq. (1), otherwise it chooses
the route by Eq. (6):

k = argmaxl τjl (6)

Algorithm 2 shows a pseudo-code of the ACS.



Algorithm 2 Ant Colony System (ACS)

1: for each colony do
2: for each ant do
3: generate route
4: evaluate route
5: evaporate pheromone in all trails (ρ rate)
6: deposit pheromone on all trails
7: end for
8: evaporate pheromone in best global route (ρ2

rate)
9: deposit pheromone on best global route

10: end for

2.3 Max-Min Ant System (MMAS)

Developed by Stützle and Hoos (1996), as an-
other variation for the TSP, the MMAS algorithm
shows differences in the steps of pheromone deposi-
tion and evaporation, that occur only after the i-th
ant for each colony stablish its trail.

In this case, the evaporation happens in all trails
for the current colony followed by deposition on the
best global route, as presented in Eq. (3) and Eq.
(5).

For the choice of the route, the MMAS uses the
same principle of the ACS.

The pseudo-code of the MMAS algorithm is pre-
sented in the Algorithm 3.

Algorithm 3 Max-Min Ant System (MMAS)

1: for each colony do
2: for each ant do
3: generate route
4: evaluate route
5: end for
6: verify for global or local best
7: evaporate pheromone in all trails
8: deposit pheromone on best global route
9: end for

2.4 Rank Based Ant System (RBAS)

Proposed in 1997 by Bullnheimer and collabora-
tors (Bullnheimer et al., 1999), RBAS is an AS vari-
ation that uses a rank idea to update the pheromone
matrix.

After the i-th ant for current colony stablish its
trail, all trails suffer pheromone evaporation, the
fitness F (x) are calculated and ants are sorted ac-
cording to the quality of the solutions constructed.

In this way, a percentage (in general 25%) from
the best routes are chosen for the addition of
pheromone according to Eq. (5), where the param-
eter σ is replaced by a parameter σ2. Besides that,

the extra deposition in the best global route is made
using Eq. (5).

With this procedure, exploration among the elite
routes is introduced instead of favoring only the
best global route.

The pheromone matrix update occurs as pre-
sented in Eq. (3) and Eq. (5). The choice of the
route follows as in ACS and MMAS.

The pseudo-code for the RBAS algorithm is dis-
played in the Algorithm 4.

Algorithm 4 Rank Based Ant System (RBAS)

1: for each colony do
2: for each ant do
3: generate route
4: evaluate route
5: end for
6: verify for global or local optimum
7: evaporate pheromone in all trails
8: generate an elite from current colony
9: deposit a Y amount of pheromone on elite

trails
10: deposit an X amount of pheromone on best

global route
11: end for

2.5 Best-Worst Ant System
(BWAS)

Considered for the first time in 1999 (Cordón
et al., 2000), the BWAS algorithm is the AS varia-
tion which presents more modifications.

The BWAS introduces two series of pheromone
evaporation, one at the end of each colony, with
evaporation rate ρ in all trails of the current colony,
and an extra evaporation with rate ρ2 in the worst
route of the current colony.

The pheromone deposition occurs only on the
best global route, providing a lesser degree of ex-
ploration amongst the possible routes.

The pheromone matrix update occurs as pre-
sented in Eq. (3) and Eq. (5). The choice of the
route, follows as in ACS, MMAS and RBAS.

The Algorithm 5 describes the pseudo-code for
the BWAS algorithm.

Furthermore, the BWAS can be implemented us-
ing evolutionary computation concepts, such as mu-
tation in the pheromone matrix to introduce diver-
sity and increase the exploration in the search pro-
cess. However, mutation was not implemented here.



Algorithm 5 Best-Worst Ant System (BWAS)

1: for each colony do
2: for each ant do
3: generate route
4: evaluate route
5: end for
6: verify for global or local optimum
7: evaporate pheromone in all trails (ρ rate)
8: verify the worst route from current colony
9: deposit pheromone on best global route

10: evaporate pheromone in edges of the worst
route from current colony which do not be-
long to the best global route (ρ2 rate)

11: end for

3 The Discrete optimization
Problem

The discrete optimization problem can written
as:

minimize f(x) (7)

subject to

gk(x) ≤ bk k = 1, ..., m

xL
i ≤ xi ≤ xU

i , i = 1, ..., n

where:
x ∈ R

n is the vector of discrete variables,
f : R

n → R is the objective function,
g : R

m → R is the constraint function on x,
xL

i and xU
i are the lower and upper bounds of

the search space.

The problem (7) is a constrained optimization
problem, and one way to treat the constraints is
to replace the constrained optimization problem by
an unconstrained one by adding a penalty.

Consider the following relaxation of (7):

minimize F (x) (8)

xL
i ≤ xi ≤ xU

i , xi integer, i = 1, ..., n

where

F (x) = f(x) + ξ

m
∑

k=1

[s+

k ]2 (9)

sk =
|gk(x)|

|bk|
− 1, k = 1, ..., m (10)

The function F (x) is named fitness function and
s+

k = sk if sk is positive and 0 otherwise.
Allowing the variable sk to become positive, the

objective function f(x) is increased by a penaliza-
tion term ξs2

k in the k-th constraint, proportional
to the square of the violation. In the experiments

performed here, the parameter ξ is constant in each
problem.

4 Numerical Experiments

In order to investigate the performance of the
ACO procedures, some discrete optimization prob-
lems from literature are solved.

4.1 Design of a Gear Train

The compound gear train, from Kannan and
Kramer (1994), is shown in the Fig. 1. The objec-
tive of the problem is to find the number of teeth
in each of the four gears, such that the gear ratio is
as close to 1/6.931 as possible.

A

B

F

Driver

Driven

D

Figure 1: Compound gear train.

The problem variables are the number of
teeth in the gears A, B, D and F denoted by
x1, x2, x3 and x4, that can assume values between
12 and 60.

The problem can be stated as:

minimize f(x) =
[

1

6.931
− x1x2

x3x4

]2

(11)

subject to: 12 ≤ xi ≤ 60

xi integer, i = 1, 2, 3, 4

The problem was solved using the ACO meta-
heuristic implemented, for a colony of 20 ants and
10000 function evaluations in 500 cycles. In this
experiment 30 independent runs were performed.

The results, including the parameters used, are
displayed in the Table 1.

4.2 Ten Bar Truss

This test-problem corresponds to the weight min-
imization of the classic ten-bar truss (Lemonge and
Barbosa, 2004). The planar truss is shown in the
Fig. 2.

The constraints involve the stress in each member
and the displacements at the nodal points. The
design variables are the cross-sectional areas of the
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Figure 2: Ten bar truss.

bars A = (A1, A2, ..., A10). The normalized stress
and displacements constraints are given by

|σj |

σadm

− 1 ≤ 0 1 ≤ j ≤ 10 (12)

|ui|

uadm

− 1 ≤ 0 1 ≤ i ≤ 8 (13)

The allowable stress is σadm = 25 ksi and dis-
placements are limited to uadm = 2 in, in the x

and y directions. Other relevant information are:
the density of the material is 0.10 lb/in3, Young
modulus is E = 104 ksi, vertical nodal loads of 100
kips are applied at nodes 2 and 4, and the penalty
parameter ξ is set to 107.

The values of cross-sectional areas Ai are chosen
from the set L = { 1.62, 1.80, 1.99, 2.13, 2.38, 2.62,
2.63, 2.88, 2.93, 3.09, 3.13, 3.38, 3.47, 3.55, 3.63,
3.84, 3.87, 3.88, 4.18, 4.22, 4.49, 4.59, 4.80, 4.97,
5.12, 5.74, 7.22, 7.97, 11.50, 13.50, 13.90, 14.20,
15.50, 16.00, 16.90, 18.80, 19.90, 22.00, 22.90, 26.50,
30.00, 33.50 } resulting in 42 options for each mem-
ber in the structure.

In Table 2 are shown, for each algorithm, the
best and worst solutions found, and the average
in 30 independent runs. Is important to notice
that the average was calculated considering only
feasible solutions. The number of infeasible solu-
tions and the percentage of feasible solutions are
displayed together with the set of parameters used
in the algorithms. An infeasible solution is such
that f(x) < F (x). In this experiment a colony of
20 ants is used with 96000 function evaluations in
4800 cycles.

4.3 Twenty-five Bar Truss

This classical problem (Lemonge and Barbosa,
2004) is the weight minimization of a truss with 25
bars shown in the Fig. 3.
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Figure 3: Twenty-five bar truss.

The allowable stress for each member is σadm =
40 ksi and the displacements must not exceed
uadm = 0.35 in, in the x and y directions. The ma-
terial has a Young modulus E = 107 psi and density
of 0.10 lb/in3. The loads applied in the structure
are displayed in the Table 3.

Node Fx(kip) Fy(kip) Fz(kip)
1 0.0 20.0 -5.0
2 0.0 -20.0 -5.0

Table 3: Loading data for twenty-five bar truss.

The design variables are the cross-sectional ar-
eas A = (A1, A2, ..., A8), organized into eight
groups, where all members in the groups share
the same area. This arrangement results in a
constrained optimization problem with eight dis-
crete variables, to be chosen from the set L =
{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1.0, 1.1, 1.2, 1.3,
1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5,
2.6, 2.7, 2.8,2.9, 3.0, 3.1, 3.2, 3.3, 3.4 } with 34 val-
ues in square inches. The penalty parameter ξ is
set to 107.

The results obtained for 30 independent runs are
presented in Table 4 together with parameters used
in each algorithm. In this experiment are used a
colony of 20 ants and 60000 evaluations in 3000 cy-
cles.

5 Discussion

The presented results show that the best algo-
rithm for the set of problems considered is the Rank
Based Ant System. According to the literature, the
BWAS should have presented equally good or better
results than RBAS. That is probably due to the fact
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s. that the mutation in the pheromone matrix, which

has not been implemented, would have favored the
exploration of the search space.

The results for the gear train design problem are
considered satisfactory when compared with other
results found in literature, such as Deb and Goyal
(1998), using Genetic Adaptive Search algorithm
(GeneAS), and Kannan and Kramer (1994) where
the Augmented Lagrange Multiplier (ALM) was
used to solve the problem. The Table 5 shows the
comparison of the results among ACS, RBAS, Ge-
neAS and ALM for the gear train problem. This
problem has four global optimal solutions, which
two of thus were found by ACS, GeneAS and RBAS.

xi ACS RBAS GeneAS ALM

x1 19 16 19 13
x2 16 19 16 15
x3 49 49 49 33
x4 43 43 43 41

f(x) 2.707e-12 2.707e-12 2.707e-12 2.125e-08

Table 5: Results for gear train problem. ACS and
RBAS results corresponding to 10000 evaluations.
The number of evaluations for GeneAS and ALM
are not available.

For the cases of the ten-bar and twenty-five bar
trusses, the MMAS algorithm turned out to be com-
petitive with BWAS and the RBAS algorithms, pro-
ducing good results.

Table 6 displays the comparison between RBAS
and a genetic algorithm with an adaptive penalty
technique (APM) (Lemonge and Barbosa, 2004) for
the ten-bar truss when 96000 evaluations were used
for RBAS versus 90000 evaluations for APM. In the
twenty-five bar truss, RBAS using 60000 evalua-
tions produced the same solution as that found by
the APM using 20000 evaluations. This is probably
due to the very simple penalty scheme adopted here
as compared to that used by APM.

The ACO algorithms are an interesting research
field which can produce efficient techniques to solve
discrete optimization problems.

However, some care must be taken when chos-
ing the parameters in the algorithm. An option
for parameter setting is to use values established in
similar problems in the literature.

6 Conclusion

Such as genetic algorithms, simulated annealing,
and neural networks, the ACO metaheuristic is an
algorithm built around some basic principles taken
from the observation of a natural phenomenon.

This paper presented the main variants of ACO
metaheuristic: Ant System, Ant Colony System,



Variables RBAS APM
A1 33.50 33.50
A2 1.62 1.62
A3 22.90 22.90
A4 15.50 14.20
A5 1.62 1.62
A6 1.62 1.62
A7 7.22 7.97
A8 22.00 22.90
A9 22.90 22.00
A10 1.62 1.62

F (A) 5499.354 5490.738

Table 6: Results for ten-bar truss optimization.
RBAS results corresponding to 96000 evaluations
and APM corresponding to 90000 evaluations.

Max-Min Ant System, Rank Based Ant System and
Best-Worst Ant System. These five implementa-
tions were compared by means of numerical exper-
iments, in order to investigate their performance in
solving discrete constrained and unconstrained op-
timization problems.

The results obtained suggest the Rank Based Ant
System as the best implementation of the ACO in
relation to the efficacy and the quality of the final
solution.

Parallelization, hybridization with other available
techniques, and the introduction of a better penalty
technique for constrained problems constitute inter-
esting and potentially rewarding research lines.
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