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Abstract

This paper aims on the stability analysis of linear
continuous-time systems whose dynamic matrices
are affected by one uncertain time-varying param-
eter, assumed as bounded, continuously differen-
tiable, with bounded rates of variation. A suffi-
cient condition to obtain a quadratically parameter-
dependent Lyapunov function is given in terms of
linear matrix inequalities whose feasibility assures
that the origin is a globally asymptotically stable
equilibrium point for the system. Numerical results
illustrate the efficiency of the proposed condition,
which provides less conservative estimates of stabil-
ity domains than similar tests in the literature.
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1 Introduction

The analysis of stability of linear time-varying sys-
tems is an important topic in systems theory [11].
It is well known that the asymptotic stability of
a time-varying system cannot be based on eigen-
value calculation, except in very few special cases,
as for instance for slowly time-varying systems. The
search for Lyapunov functions that can provide a
fair evaluation of stability domains for linear time-
varying systems is still a matter of studies and a
particularly useful approach is the one in which the
Lyapunov function can be obtained from the solu-
tion of linear matrix inequalities (LMIs) [4].
Continuous-time linear systems whose dynamic
matrices are affected by bounded uncertain time-
varying parameters have been systematically inves-
tigated through sufficient LMI stability conditions,
as for instance in [6], [9], where the uncertainties
admit a linear fractional transformation represen-
tation, or in [7], [13], where the system is written
with affine dependence on the uncertain parame-

ters, and in [5], [8], [12], for polytopic uncertainties.
In the case of unbounded rates of variation of the
uncertain parameters, the use of a Lyapunov func-
tion with a common matrix (quadratic stability, [3])
has been important to investigate stability, and also
for robust filter and control design [4]. Less con-
servative results can be obtained using more com-
plex Lyapunov functions, as the piecewise quadratic
[1], [10], which encompass the results from common
quadratic Lyapunov functions, but at the price of
solving LMI conditions associated with searches for
a set of parameters in unbounded spaces, leading to
high computational burdens. However, the assump-
tion of arbitrary rates of parametric variation may
lead to conservative evaluations when the parame-
ters of the system have bounded time-derivatives.
In this case, parameter-dependent Lyapunov func-
tions are particularly useful since the bounds on
the rates of parametric variation can be used as an
information in the LMI conditions which test the
system stability, as for instance in [2], [7], [12], [13].
The conditions given in [7] and in [12] are based on
Lyapunov functions with affine dependence on the
uncertain time-varying parameters. The conditions
given in [13] explore the use of Lyapunov functions
that are quadratically dependent on the uncertain
parameters, leading to less conservative results but
the required computational effort is usually high
and depends on the choice of a factorization for the
original uncertain system.

This paper is focused on the stability analy-
sis of linear systems whose dynamic matrices are
affected by one uncertain time-varying parameter
which is bounded, continuously differentiable and
has bounded rates of variation. Sufficient LMI con-
ditions are given to solve the following two prob-
lems: i) given the lower and upper bounds of the un-
certain parameter and of its time-derivative, verify
whether the origin is a globally asymptotically equi-
librium point of the system; ii) when the bounds
on the rates of parametric variation are not given
a priori, search for the maximum bounds of the



time-derivatives for which the origin is a globally
asymptotically equilibrium point. Problem i) is ad-
dressed through the feasibility of LMI conditions
and problem ii) is addressed using a unidimensional
search method associated with the feasibility of LMI
conditions. The tests proposed here rely on Lya-
punov functions that are quadratic on the state and
quadratically dependent on the uncertain parame-
ter, yielding better results than those from condi-
tions based on affine Lyapunov functions from [7]
and [12] and also than those from the conditions
given in [13], as shown by numerical examples.

2 Problem formulation
Consider the system

i(t) = (Ao + 0(t)Ag) () (1)

where 2(¢t) € IR" for all t belonging to the set
of nonnegative real numbers R, 4, € R"*",
Ay € R™". The parameter 6(t) is assumed to
be uncertain and time-varying, lying for all t € R™
in the real interval [0, 0] with no discontinuity and
subject to bounded rates of variation | 4(t) |< v,
for all t € RT.

The main objective of the paper is the following:
for a given set of parameters 6, 6, v, determine if
the origin « = 0 is a globally asymptotically stable
equilibrium point of system (1).

System (1) can be represented by an equivalent
polytopic system given by

@(t) = Ala(t))x(t) 2)

where A(a(t)) € R™™" is defined as

Ala(t)) = ar(t) A1 + aa(t) Az,

Oti(t) > O, 1= 1,2, Oél(t) + Oéz(t) =1 (3)

Matrices A; and A, are the vertices of the polytope
of matrices (3) given by

Ay = Ao+ 049, Ay = Ao+ 04, (4)

Notice that from Ag+0(t)Ag = a1 (t) A1 + as(t)As,
with 4; and A, given by (4), one has

0(t) = car (t)8 + az(t)8 (5)

From (3), a2(t) = 1 — a1 (t), which allows to rewrite
(5) as
(6)

0(t) =0+ as(t)(0 —0)
leading to

10(t) |=[ ar(t) || 0 -0 | (7)

From the specification | § |< v, one has

v N

Vi (1) |< N
\Ofl()Lm_m P1

Now, it is possible to recast the original problem
in the following way: for a given set of parameters
0, 0, v, find the equivalent polytopic system (2)-
(3), with vertices Ay, Ay given by (4) and with the
bound on the rates of parametric variation p; given
by (8). Then, determine if the origin x = 0 is a
globally asymptotically stable equilibrium point of
system of (2). This is sufficient to ensure the global
asymptotic stability of the origin of system (1).

3 Preliminary results

Consider the parameter-dependent Lyapunov func-
tion!

v(z,a) =2'P(a)x , Pla)=Pa) >0 (9)

If the time-derivative of function v(x, @), given by

O(z, ) =2 (A(a)'P(a) + P(a)A(a) + P(a))x
(10)
is negative for all z # 0, that is, if
A(a)'P(a) + P(a)A(a) + P(a) <0 (11)
then the origin = 0 is a globally asymptotically
stable equilibrium point of system (2). Notice that
P(«a) denotes the time-derivative of matrix P(«),
given by
. OP(a) da
Pla) = —
(@) Oa dt
The following lemma reproduces the well known
result of quadratic stability [4].

(12)

Lemma 1 If there exists a symmetric positive def-
inite matriz P € R™™"™ such that

A|P 4+ PA; <0 (13)

A12P+ PAy <0 (14)

then the origin x = 0 is a globally asymptotically
stable equilibrium point of system (2).

Proof:  Thanks to convexity, conditions of
Lemma 1 are sufficient to ensure (11), with P(a) =
P and A(«a) given by (3). "

The existence of a solution for Lemma 1
(quadratic stability) guarantees the system stabil-
ity for any arbitrary rate of parametric variation.
Although this test has a low numerical complexity,
the results are usually conservative since one com-
mon matrix has to assure the stability of the entire
domain of uncertainties.

A less conservative condition to evaluate the sta-
bility of time-varying systems subject to bounded
rates of parametric variation is given by the next
lemma [12].

IThe time dependence of the variables will be omitted
from this point to the end of section 4, for sake of simplicity.



Lemma 2 For a given parameter p; € IRT,
if there exist symmetric positive definite matrices
P e R™*™, P, € R™" such that?

Allpl +P1A1:|:p1(P17P2)<0 (15)

A/QP2+P2A2:|:p1(P1—P2) <0 (16)
APy + P Ay

+A/2P1+P1A2:t2p1(P17P2)<0 (17)

then the origin x = 0 is a globally asymptotically
stable equilibrium point of system (2) for bounded
rates of parametric variation (8).

Proof: Using

P(Oé) = Oélpl + OLQPQ (18)
and ¢ = —dq, one has
P(a) = éy (P, — Py) (19)

Replacing P(a) by (18) and A(c) by (3) in (11), and
replacing P(«) by (19) multiplied by (a1 +a2)? = 1,
it is possible to rewrite the lefthand side of (11) as

Oz%(Allpl + P1A1 + dl(Pl — Pg))
—+ Oé% (A/2P2 —+ P2A2 + dl(Pl — PQ))

—|—a1a2 (A/1P2+P2A1+A'2P1+P1A2+2a1(Pl—Pg))
(20)

Taking into account that | &; |< pi, the feasibility
of the conditions of Lemma 2 is sufficient to assure
that each one of the terms of (20) is negative definite
and thus (20) is negative definite for all a3 > 0,
ag > 0, a1 +as = 1, ensuring the global asymptotic
stability of the origin of system (2) for bounded
rates of parametric variation (8). "

Notice that the bound on the time-derivatives of
the parameters p; is taken into account by the con-
ditions of Lemma 2. For instance, when p; = 0,
conditions (15)-(17) assess the stability of the sys-
tem for time-invariant uncertainties and when p; is
arbitrarily high, it is possible to verify the stability
for arbitrarily fast parameter variation.

Regarding to the relationship between the condi-
tions of lemmas 1 and 2, observe that if (13)-(14)
are feasible with a solution P, then P; = P, = P
is also a solution of (15)-(17) for any p; € IR™. On
the other hand, if the conditions of Lemma 2 are
feasible for p; arbitrarily high, then the solution
tends to P, = P, = P, in order to eliminate the
influence of the terms multiplied by +p; in (15)-
(17), pointing out to the quadratic stability of the
system for arbitrarily high values of p;. Thus, the
conditions of Lemma 2 always provide better (or

2The symbol =+ in the inequalities indicates that two LMIs
have to be tested: one for 4+p; and other for —p;.

equal, in the worst case) results than the quadratic
stability of Lemma 1, as can be seen by numerical
comparisons in [12], which also indicate that (15)-
(17) yield less conservative estimations of stability
domains than the conditions given in [7], based on
affinely parameter-dependent Lyapunov functions.

4 Main result

Following the ideas used in Lemma 2, a new suffi-
cient condition based on quadratically parameter-
dependent Lyapunov functions is stated in the next
theorem.

Theorem 1 For a given parameter p; € R,
if there exist symmetric positive definite matrices
P, e R™*™, Py € R™™", P, € R™™" such that

Allpl +P1A1:|:p1(2P17P12) <0 (21)
APy + P Ay
+A’2P1+P1A2:|:,01(4P1—P12—2P2)<0 (22)

A/1P2 + Py Ay
+ Ay Py + PiaAs £+ p1 (2P + Pia — 4P,) <0
(23)

A/QPQ + PyAs £+ P1 (P12 — 2P2) <0 (24)

then the origin x = 0 is a globally asymptotically
stable equilibrium point of system (2) for bounded
rates of parametric variation (8).

Proof: Consider the quadratically parameter-
dependent Lyapunov function

P(a) = a1?Py + ajaa Py + a3’ Py (25)

with
P1:P1/>0, P12:P1/2>0, P2:P2/>O (26)
The time-derivative of (25) is given by

P(O[) = 20[10[1P1 + d1a2P12 + O[ldgplz + 20[20.[2PQ
(27)
and can be expressed as

P(O[) = 20[10[1P1 + d1a2P12 — aldl-PlZ — 20[20.[1PQ
(28)
Multiplying (28) by (a1 + a2)? = 1, one has

P(a) = af(@1 (2P, — Pr2))
+ a%ag(o}l(élPl — P12 — 2P2))

+Oéloé§(d1(2pl +P12 74P2)) +ag(d1(P12 — 2P2))
(29)



Using (3), (25) and (29), the lefthand side of (11)

can be rewritten as

of (AL Py + PLA; + éq (2P — Pra))
+ afas (AL Prg + ProAy
+ ALPy + PAy + G4 (AP — Pry — 2Py))
+ a3 (AP + P Ay
+ ALPis + PiaAs + 61 (2P + Pro — 4P2))

+ a3 (AL Py + Py As + Gy (Pra — 2P))  (30)

Since | &1 |< p1, the feasibility of the conditions
of Theorem 1 is sufficient to assure that each one
of the terms of (30) is negative definite, implying
that (30) is negative definite for all a; > 0, ag > 0,
a1 + as = 1, thus ensuring the global asymptotic
stability of the origin of system (2) for bounded
rates of parametric variation (8). "

A first remark on the conditions of Theorem 1 is
that more scalar variables are used in the tests (21)-
(24) than in the tests of lemmas 1 and 2, which can
provide less conservative evaluations of stability at
the price of a slightly higher numerical complexity.

As in the case of Lemma 2, the conditions (21)-
(24) can be used from p; = 0 to p; arbitrarily high.
Particularly, if there exists a solution for p; arbi-
trarily high, it will tend to Py = P, = P, P;3 = 2P,
which eliminates the contribution of the terms mul-
tiplied by £p; in (21)-(24).

Notice that if the conditions of Lemma 2 are fea-
sible, then Py, P, and Pyo = Py + P, yield a feasible
solution to Theorem 1. Actually, in this case, the
LMIs of Theorem 1 can be obtained as a linear com-
bination of (15), (16) and (17).

The conditions of Theorem 1 can provide (with a
lower computational burden) less conservative eval-
uations of stability than the conditions given in [13],
also based on quadratically parameter-dependent
Lyapunov functions, as shown in the sequel by nu-
merical examples.

The number of scalar variables of conditions of
(21)-(24) is K11 = 3n(n+ 1)/2, and the number of
LMI rows is Ly = 11n (including P; > 0, P2 > 0,
P, > 0), where n is the order of the system. The
numerical complexity depends on the LMI solver to
be used. For instance, with the LMI Control Tool-
box of Matlab (used in the numerical experiments
in this paper), one has that the numerical complex-
ity is proportional to K3L, which means that the
problem can be solved in polynomial time. Figure 1
shows a comparison of the numerical complexity of
the LMI conditions of Lemma 2, Theorem 1 and the
conditions from [7] and [13], all based on parameter-
dependent Lyapunov functions. Observe that in the
case of Lyapunov functions affinely dependent on
the parameters, the conditions of Lemma 2 have
lower numerical complexity than those from [7],
and, in the case of Lyapunov functions quadrati-
cally dependent on the parameters, the conditions

Sor

Figure 1: Numerical complexity using the LMI Control
Toolbox of Matlab for the conditions from Lemma 2
(c1), from [7] (c2), from Theorem 1 (c3) and from [13]
(ca) as a function of the order of the system n.

of Theorem 1 present lower numerical complexity
than those from [13].

When the bounds on the rates of variation of the
uncertain parameters are not given a priori, the
conditions of Theorem 1 can be used to estimate
the bounds of the stability domains of the system,
as stated in the next corollary.

Corollary 1 In the case py € RT is not given a
priori, use a unidimensional search method (for in-
stance, the bisection method) to find the maximum
value of py1 for which the conditions of Theorem 1
are feasible.

Notice that to maximize p; subject to (21)-(24) is
a nonconvex optimization problem, but a simple
unidimensional search on p; allows one to find the
maximum value of p; such that the conditions of
Theorem 1 hold.

5 Numerical examples

The next examples illustrate the efficiency of the
conditions of Theorem 1 to estimate bounds of sta-
bility of linear systems affected by one uncertain
bounded parameter with bounded rates of paramet-
ric variation.

Example 1 Consider the system borrowed from

[13]
(1) :{[ o 1a } o) { ]}x(t)
(31)

where the uncertain time-varying parameter 6(t)
lies in the interval 0 < 0(t) < 1, with rates of vari-
ation given by | 6(t) |< v. Notice that this system
can be rewritten into the polytopic representation

—-108 9
—120 17



(2)-(3), with vertices obtained from (4) given by

8§ =9

120 —18 ] , for(t)=0=0
—-100 O

e[ 0],

and with | &4 (t) | given by (8), leading to v = p;.
The conditions given in [7] and the conditions
of Lemma 2, both based on affinely parameter-
dependent Lyapunov functions, provide the values
v = 62.50 and v = 63.25, respectively. A better es-
timate for the maximum value of the bound on the
rates of parametric variation given by v = 66.81,
is obtained from the conditions given in [13], based
on quadratically dependent Lyapunov functions. A
high improvement on the estimate of the stability
domain of this system is obtained using the condi-
tions of Theorem 1 as indicated in Corollary 1, with
the bisection method, which assures that the system
is stable for v = 99.6, providing an enlargement of
49% on the bound of stability given by [13].
Example 2 As a second example, consider the sys-

tem
IEC

" H _02 _11 (33)

where 0 < 0(t) < 6, which was studied in [14] in the
context of arbitrary rates of parametric variations.
Here, the objective is to assess the stability of (33)
for bounded rates of parametric variation given by
| 0(t) |< v. This system can be expressed in the
polytopic representation (2)-(3), with vertices ob-
tained from (4) given by

0 1
-2 -1

0 1
Az = { -2+0) -1

=

0 O

]+9(t)[_1 0

A1: :| 3 fOI‘e(t):O

] , for 6(t) =0 (34)

with | &y (¢) | given by (8), which leads to v = fp.

Figure 2 shows a comparison of the bounds of the
domain of stability of system (33) obtained from the
conditions given in [7], in [13], and from the condi-
tions of Lemma 2 and Theorem 1, used as indicated
in Corollary 1.

The curves of Figure 2 were obtained choosing
values for # from 4 to 20 and then using bisection to
find the maximum value of v for which the system
is stable for each one of the four LMI conditions
used here. For sake of performance comparison,
observe that for tests based on affinely parameter-
dependent Lyapunov functions, the conditions of
Lemma 2 provide (with lower numerical complex-
ity) better results than those from the conditions
of [7]. Concerning tests based on quadratically
parameter-dependent Lyapunov functions, the con-
ditions of Theorem 1 provide (with lower numerical

30

Figure 2: Bounds on the stability domain of system
(33) obtained from the conditions given in [7] (curve a),
from the conditions given in [13] (curve b), from the con-
ditions of Lemma 2 (curve ¢) and using the conditions
of Theorem 1 (curve d).

complexity) better estimates than those from the
conditions of [13]. In an overall analysis, the con-
ditions of Theorem 1 provide the less conservative
results.

6 Conclusion

This paper provides sufficient LMI conditions re-
lying on quadratically parameter-dependent Lya-
punov functions for the analysis of the global
asymptotic stability of the origin of linear sys-
tems affected by one uncertain time-varying param-
eter supposed to be bounded and with bounded
time-derivatives. When the bound on the rates
of variation of the parameter is given a priori,
the existence of solution for an LMI test assures
the system stability. Otherwise, a unidimensional
search method associated with the feasibility of
LMIs allows to estimate the maximum value of
the bound on the time-derivatives of the parame-
ter for which the stability is guaranteed. Numerical
evaluation shows that the proposed conditions pro-
vide less conservative results than other LMI condi-
tions in the literature which rely on affinely and on
quadratically parameter-dependent Lyapunov func-
tions. Although only systems affected by a single
uncertain parameter are treated here, extensions to
deal with systems affected by several uncertain pa-
rameters can be obtained following the methodol-
ogy proposed in the paper.
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