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Abstract. This paper presents systematic computational algorithms for obtaining
the output feedback gain matrix in linear systems stabilization problems. Based
on the concept of (C, A, B)-invariant subspaces, introduced previously by the first
author, that has related the existence of a gain matrix to the solution of cou-
pled Sylvester equations, two algorithms are presented: 1) in the Syrmos-Lewis
algorithm, a modification is proposed to provide a more adequate framework to
numerical solution, and 2) by using orthogonal transformations, the Alexandridis-
Paraskevopoulos algorithm is modified to overcome, in part, the Kimura condition.
Numerical examples are provided to illustrate the application of the proposed al-
gorithms.
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1. Introduction

It is well known that the static output feedback stabilization problem is a relevant
and challenging problem, due to its simple implementation, in contrast to more
sophisticated dynamic methods, and because it is not easy to find a feedback matrix
to make the closed-loop system asymptotically stable [5], [15], [10], [8], [2], unlike
to the state feedback case.

The determination of procedures for obtaining the feedback matrix in output
feedback control to asymptotically stabilize linear systems is actually an open prob-
lem. Several methods have been proposed in the literature based on Lyapunov,
Ricatti, linear matrix inequalities, or eigenstructure assignement. See, for instance
[1]-[5], [8], [10]-[14], [16], and the references therein.
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In particular, recently in [5] it was introduced the concept of (C, A, B)-invariant
subspaces to relate the existence of a feedback gain matrix to the solution of two
coupled Sylvester equations. However, this solution was mainly obtained under the
Kimura condition [11] ( i.e., m 4+ p > n, where n, m, and p are the dimensions of
the state, input, and output, respectively). Pathological cases where m +p < n,
were only tackled by a trial and error procedure [5].

Hence, motivated by the previous facts, the main concern in this paper is the de-
sign, under a less restrictive than Kimura condition, of more efficient computational
algorithms to the selection of the output feedback matrix. Based on the Syrmos-
Lewis algorithm, a modification is proposed to provide a more adequate framework
to numerical solution. Basically, by considering that the system is observable, con-
trollable and under the Kimura condition, the coupled Sylvester equations are solved
by assuming that the dimension of V = I'm (V) is equal to the number of outputs
p and the matrix CV € RP*P is invertible. Then the feedback matrix can be found
as G = W(CV)~!, where V,T, and W are design matrices. In the sequel, to obtain
the feedback matrix, the Alexandridis-Paraskevopoulos algorithm is modified. A
simple algorithm is proposed under a less restrictive Kimura condition (it is now
assumed that n < mp). It should be noted that in contrast to [5], the proposed
algorithm uses a coordinate transformation and reduced order system to alleviate
the computational burden. Both techniques are based on the subspace intersection
condition, Ker (T) N Ker (C) = {0}, which was obtained in [5].

Considered the linear time-invariant system described by

@(t) = Ax(t)+ Bu(t) (1.1)
y(t) = Ca(t) (1.2)

where z € X ~R" ju el ~R™ ,y €Y ~ RP. It is assumed that B is full
column-rank, C is full row-rank and that (C, A, B) is stabilizable and detectable.
The problem here is to find a static output feedback control law

u(t) = Gy(t) , GeRm™ (1.3)

such that (A + BGC) € C~, or equivalently, the closed-loop system is asymp-
totically stable, where o(A + BGC) = {\1, \a,..., Ay} is the set of eigenvalues of
A+ BGC.

The reminder of the paper is organized in as follows. In Section 2, basic concepts
on geometric control are introduced. Section 3 presents the main contributions of
the paper: the proposed algorithms for obtaining the feedback gain matrix with
examples. Finally, in Section 4, the conclusions of the paper are presented.

2. Invariant Subspaces and Coupled Sylvester Equa-
tions
In this Section some concepts and definitions on geometric control theory are intro-

duced [17]. A subspace V C X is (A, B)-invariant if there exists K : X — Y, such
that (A + BK)V C V, or, equivalently , if AV C V + Im B. In a dual manner, a
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subspace 7 C X is (C, A)-invariant if exist F' : ) — X, such that (A+FC)T C 7T,
or, equivalently, if T D A(7 N Ker (C)).

Definition 2.1. [14], [16] A subspace V C X, of dimension v , is (C, A, B)-
invariant if V is (A, B)-invariant and (C, A)-invariant.

Consider V' € RV*?, such that Im (V) =V, and let T € R("~?)*? be a left an-
nihilator of V, i.e., Ker (T) = Im (V). The definition 2.1 is equivalent to the exis-
tence of matrices (Hy € RU*V, W € R7*?) and (Hp € R"~*"~v, U € RP—0)xv),
which are solutions of the following coupled Sylvester Equations

AV —-VHy = —BW (2.1)
TA-HiT = -UC (2.2)
TV = 0. (2.3)

The definition 2.1 and the equations (2.1),(2.2), and (2.3) have a crucial impor-
tance in static output feedback via eigenstructure assignment [12] [14].

The properties of stabilizability and detectability are considered, respectively,
by using two definitions
(i) a subspace (A, B)-invariant V is (A, B)-inner stabilizable subspace, or, equiva-
lently, there exists K such that (A + BK)|V is asymptotically stable; and
(i) a subspace (C, A)-invariant V is (C, A)-outer detectable subspace if there exist
F such that (A + FC)|X/V is asymptotically stable.
Definition 2.2. [14] A subspace V, of dimension v, is (C, A, B)-invariant output
stabilizable subspace , (or simply O.S. (C, A, B)-invariant * ) if V is (A, B)-inner
stabilizable and (C, A)-outer detectable.

Thus, a necessary and sufficient condition for the existence of ¥V = Im(V) or
0.S. (C, A, B)-invariant subspace is that (2.1), (2.2) and (2.3) are verified with the
additional condition of stability

O'(Hv) eC” (24)
o(Hr)eC™. (2.5)
Theorem 2.1, in what follows, relates the concept of O.S. (C, A, B)-invariant sub-

space to the existence of a static output feedback control law (1.3), which stabilizes
the closed loop system.

Theorem 2.1. [5] There exists a static output feedback matric G : Y — U such
that o(A+ BGC) € C~, if and only if the following conditions hold true for some
mat,r,zces (V E §Rn><’U’HV 6 §R’U><’U’W e %mxv)} (T e §RTL—'U><TL’HT e §R’I’L—’U><’I7J—’U, U e
R=VXY) - and for some positive integer v < n

AV —VHy = —BW,witho(Hy)eC™ (2.6)
TA—HyT = —UC,witho(Hy)eC™ (2.7)
TV = 0 (2.8)

Ker (CV) C Ker (W) (2.9)
Ker (B'T') C Ker(U') (2.10)

40utput Stabilizable (C,A,B)-invariant [14] [4]
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where rank (V) =v and rank (T) =n —v.

It is interesting to notice that these results have been presented and explored
under different forms in the literature related to eigenstructure assignment by out-
put feedback (see [15]). The presented statement corresponds to Theorem 3.2 in
[14]. The coupled Sylvester Equations (2.6), (2.7), and (2.8) describe some geomet-
ric properties of the subspace V = Im (V). Under stability of the matrix Hy, the
equation (2.6) means that the subspace V = I'm (V') must be (A, B)-inner stabiliz-
able. In a dual manner, the subspace Ker (T) = V must be (C, A)-outer detectable,
see (2.7). Thus, the coupling condition (2.8), the existence of ¥V = Ker (T') O.S.
(C, A, B)-invariant subspace, and the conditions (2.9) and (2.10), are necessary and
sufficient conditions for the existence of a matrix G.

Also, note that the conditions (2.9) and (2.10) correspond to the existence of a
matrix G € R™*P which verifies the following two equalities

GOV =W (2.11
TBG =T, (2.12)

where the closed loop system has eigenvalues given by

o(A+ BGC) = o(Hy) Uo(Hr).

3. Algorithmic Aspects

In this section, based on a subspace intersection condition, i.e., Ker (I')NKer (C) =
{0} [5], two algorithms to eigenstructure assignment are presented. Motivated by
the algorithm of Syrmos and Lewis [12], the first technique solves the coupled
Sylvester equations in two steps, and can directly be applied to systems that verify
the Kimura condition [11]. The second technique is based on the algorithm pro-
posed by Alexandridis and Paraskevopoulos [1]. It uses a system representation in
an adequate base of the state space to rewrite the Sylvester equations in a set of
bilinear algebraic equations. The Proposed techniques assume that the dimension
p of the output is the same as V = I'm (V). Also, it is guaranteed that the matrix
CV € RP*P is invertible, so that G = W (CV) ™1, see (2.11).
The set of the desired closed loop poles is denoted by

A= {, . Ap Apit, -, A} = {Ar, Ay}, where Ap and Ay are auto-
conjugated. Hy € RP*P and Hy € R"PX("=P) are defined as o(Hr) = Ar =
{M, o, A—p} and o(Hy) = Ay = {A\—pt+1,---, A\n}. For simplicity, it is consid-
ered that the elements of A = 0(A4 + BGC) are all distinct.

3.1. Modified algorithm of Syrmos and Lewis

Based on Theorem 2.1, the following algorithm, considered in [12], can be used to
obtain an output feedback matrix that stabilizes the closed loop system, when the
Kimura condition, n < m + p, is verified.
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Step 1: Select the matrix Hy € R*P*"~P_ where o(Hr) = Ar € C~, and solve
(2.7) to find the matrix T € R"P*" such that

rank ([g}>:n<:>KerTﬁKerC:{O}. (3.1)

Step 2.1: Solve (2.6) for some matrix Hy € RP*P, where o(Hy) = Ay € C,
whereas the matrix V satisfy the coupling condition (2.8) and rank (V') is equal to
.

Step 2.2: By construction, the relation (3.1) guarantees that rank (CV) = p.
Then G can be calculated as unique solution of (2.11).

Remark 3.1. Steps 1 and 2 can be implemented by using standard techniques for
etgenstructure assignment. By considering Hp e Hy in the Jordan form, the fol-
lowing procedure can be adopted:

Step 1: Find t; € C" and u; € CP, such that

[t u’v][A_C/\jl}zovzj:l,...,n—p (3.2)

The row matriz T € R=P)*"  denoted for T}, is constructed by using the vectors
tj, as follows

o if \j ER, then T =t;

et o a1~ RE)
e if \j €C, then Aji1 = Aj and { Tj11 = Imag (t))

Step 2: To determine v; € C™ and w; € C™ we have

{A—AZJ B][vi

T 0 wi]OVzanrl,...,n. (3.3)

In similar form to the previous case, the used matrices V- and W can only be built
with real elements. In particular, if \; € C, then A\jiy1 = A} and

Vi = Re (v;), Vig1 = Imag (v;) ' .
{ W, = Re(w)), Wiss = Imag (w;) where v; and w; denote the columns of the

matrices V. and W, respectively.

Remark 3.2. [5] Step 1, in Remark 3.1, is concerned with the choice of a matriz
T, which verifies (3.2). Step 2 is concerned with the solution of (2.6) and (2.8),
to obtain the (A,B)-invariant of Ker (T). This property is associated to the “zero
equation” (3.83) [3]. To guarantee the freely placement of the eigenvalues \; in step 2
A—)X B

T 0
be row-full rank Y A. The algorithm is based in the fact that under Kimura condition,
m+p > n, P(\) does not lose rank for almost all triples (A, B,T) [13]. Thus the
zero equation (3.3) has solutions for all ;. In the presence of invariant zeros, it is
possible to remake Step 1 to search other solutions for the Sylvester equation (2.6).

, the system matriz P(\) = of dimension (2n —p) x (n+m), must
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Remark 3.3. In the less restrictive case m + p = n, P(\) is square of dimension
(2n —p) X (2n —p), and all triple (A, B,T) has p finite invariant zeros [12]. In this
case, the basic procedure can produce stabilizing solutions only if T', found in step
1, generates p stable invariant zeros, which have to be used to solve (3.3) [3].

Example 3.1. Consider the linear system defined by [9] :

SRR R TR

A= . B= . C=]0010]|.
-1 0 0 O 0 0 00 0 1
0 0 0 O 0 1

The system is controllable and observable and m +p =5 > n. The desired eigen-
values are Ap = {—4} U Ay = {-3,-2,-1}.
Step 1: By considering that A\ = —4, and using (3.2) we have
T = [ —0.3148 0.0630 —0.2406 —0.2425 |, where (A, B,T) has not invariant
2€708
Step 2.1: For Ay = =3, A3 = —2 and \y = —1, by using (3.3) we have
0.0727 0.1324 0.2425
—0.2182 —0.2649 —0.2425
0.0242 —0.0662 0.2225
—0.1751 —0.3064 —0.6184

Step 2.2: Based on GCV =W , we have
G = —46.9778  —20.7333  —26.9444 ] . The closed loop matric Ag = A+ BGC

V=

W= [ 0.7999 0.6622 —0.2424 ] .

0.5254 0.6128 —0.6184

| —=16.1410 —9.3519 —10.9968
is then

0.0000 1.0000 0.0000 0.0000
—45.97778 1 —20.7333 —26.9444
—1.0000 0.0000 0.0000 0.0000
—16.1410 0.0000 —9.3519 —10.9968

Ag =

3.2. Modified algorithm of Alexandridis and Paraskevopou-
los

The presented technique is based on the use of coordinate transformations, obtained
from the matrix C, that allows the solution of equation (3.2) by using a auxiliary
system of reduced order n — p.

This type of decomposition is used in control theory, mainly for the construction
of minimum order observers [1], [6]. From a geometric point of view, it aims at
the construction of a subspace V = Ker (T') outer stabilizable, and to guarantee
Ker (T)Nn Ker (C) = {0}.

Consider a base change given by

_ L1
{,C—[Pl P2:||:$2:|7 (34)
P e R"P Py e RMP,
where P = [ P P ] is nonsingular such that

Clph P]=[C 0], (3.5)
with C; € RP*P and rank(Cy) = p.
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D/
The inverse of P is denoted for P = { ]};1, , where P; € R7%P, P, € R"*"~P and
2
P/
[P P ] 133 =1I,.

In this base, the open loop system can be rewritten as
z1(t) Apr A x1(t) By
. = t
[ Z2(1) } [ A1 Az xo(t) | B, u(t)

[ ¢ 0] { 21(t) } (3.6)

392(15)

y(t)

where, in particular, A;o € RP*™ P and Agy € RPPX"7P,

Lemma 3.1. If (C, A) is observable, then there exists a T € R""P*P such that
(2.7) is verified and Ker (T) N Ker (C) = {0}.

Proof. As shown in [6], the observability of the pair (C,A) is equivalent to the
observability of the pair (Ajg, Asz). 1o € R=p)x (=) with rank (Tz) = n —p,
and T} € R(—P)XPare solutions of the Sylvester equations of order-reduced

TyAg — HrTy = —TiAp , o(Hp)eC™ (3.7)

where Hp € R*P*"~P is chosen such that o(Hr) € C~. Note that in general it is
possible to find 75 invertible when Hp does not contain the eigenvalues from matrix
Ay [1]. Then, calculate U € R"“P*P as unique solution of

UC, = — (T1A11 +T5A91 — HTTl) . (38)
Jointly, (3.7) and (3.8) verify

A Are _ _
[Ty Tg][A21 Azz} Hr [Ty T, |=U[Cy 0]

which, in the original base, corresponds to Sylvester equation (2.7). Moreover, as
T is invertible, we have -
T | | Th Th P _ _
mnk([c]—{cl 0 }{le =n<= Ker(T)NKer (C)={0}. 0O

Equations (2.7) and (3.7) are related to the construction of minimum order
observers [6] [1]. Consider the eigenvalues of (Ass + Lo Ajs), where Ly € R"P*P ig
such that

ToL, = T (3.9)
Then, substituting (3.9) into (3.7) it follows that
TQ(AQQ + L2A12) = H7pT, (3.10)

or
U(HT) = O'(AQQ -+ L2A12) S C,
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Note that the decomposition of P is not unique. In particular, it can compu-
tationally be obtained through ortogonal transformations, P = P’ [1] [4]. In what
follows, in Theorem 3.1, a better alternative than the introduced by Alexandridis-
Paraskevopoulos in [1] is proposed to alliviate the computational burden.

Theorem 3.1. Given the system (1.1), (1.2). Consider a decomposition in the
form (3.6). Then, the matriz G verifies (A + BGC) = o(Hy) U o(Hr), if and
only if,

p/

[ T TQ][PE]V = 0, (3.11)
where (W € R™*P 'V € R"*P) and (T} € R"P*P Ty € R"P*X""P) satisfy the
Sylvester equation (2.6) and (3.7),respectively, with det (CV') # 0.

Proof. Necessity: It is considered that there exists an output feedback matrix G €
R™*v g0 that the closed loop system is asymptotically stable, i.e., the Sylvester

equations are verified for some positive v < n and matrices T and V', such that
TV = 0. More precisely,

AV - VHy = —BW , witho(Hy)e€C™

TA-HyT = —UC, witho(Hy)eC™
TV = 0
Ker (CV) C Ker (W)
Ker (B'T') C Ker(U")

where rank (V) =v and rank (T) =n —wv.

Under observability (detectability) condition, it is possible to find a matrix 7.
Once the matriz T' is constructed, Step 2 allows the solution of (2.6) and (2.8), i.e.,
the (A,B)-invariant of Ker (T).

Consider

r=[P P] { 2 } Py € R™P, Py € RV, (3.12)

where P = [ P P ] is a nonsingular matrix so that

C’[ P B ] = [ C; 0 ] , with C; € ®RP*P and rank(Cy) = p. (3.13)
D/
The inverse of P is denoted by P = [ gl, } Based on (3.6) and Lemma 3.1, it is
2
possible to conclude that the observability of (C, A) is equivalent to the observability
of (A2, A2z). With change of base (3.4), we obtain T e T as

T2A22 — HTTQ = —T1A12 , O'(HT) (S 67 .
D/
Hence, ([ TV } = [ T Ty ] { 121/ ] V> = 0. Consequently,
2
AV —VHy = —BW, witho(Hy)eC™
T2A22 — HrTy = —T1A12 s J(HT) cC™

TV = 0.
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Sufficiency: Consider

P
(7 TQ][I;,]V ~ 0 (3.14)
2
Then, the matrices (W € R™*P.V € R™*P) and (T} € R P*P, Ty € R"-PX"7P)
satisfy (2.6) and (3.7), respectively, where det (CV') # 0.
The matrix Hp € R"~P*" P is choosed so that o(Hy) = Ay € C~ and (2.7) is
resolved to find T' € R™"~P*" such that

rank ({g]>:n<:>KerTﬂKerC’:{0} (3.15)

Equation (2.6) is solved, for some matrix Hy € RP*P, so that o(Hy) = Ay € C~
and by considering that V verifies (2.8) and rank (V') must be p. By construction,
(3.1) ensures that rank (CV) = p and G can be computed as the unique solution of
(2.11). O

From the formulation presented in Theorem 3.1, the following procedure is pro-
posed in [1] to poles assignment, when mp > n.
3.2.1. Procedure for the determination of output feedback matrix

Considering that Hy and Hp are in Jordan form, from (2.6) W and V can be
written as

W:[wl, Woy oy wp]; (3.16)
V=[ Xwi, X?ws, ..., XPuw,]. (3.17)

where
X' =W\I—-A)"'B, for i=1,...,p. (3.18)

Similarly, from (3.7) T and T can be written as

pe1 pe
T = p,+2 and Ty = p.+2
4, v,
where ¢, , Vj =p+1,...,n, can be obtain as
V= ¢ A1a(A\I — Ag) ™ (3.19)

From the notation above, the coupling equation (3.11) can be written in the form
of a bilinear system of algebraic equations. Thus, substituting (3.18) and (3.19) in
(3.11), we have

I, A\ — A Pl | o
¢; Fg 12[ J 22] 1 X w; = O (320)

for i=1,,....,p and j=p+1,...,n.
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By solving (3.20), the parameters for w; and ¢; are determined. Then, the matrices
W and V are defined based on (3.16), and the output feedback matrix G is directly
calculated from (2.11). By using this formulation, the justification to the case n <
mp is given in [1]. “The equation (3.16) provides p(m —1) free parameters (based on
the arbitrary elements of wq, wa, ..., w,). Additionally the equation (3.19) provides
(p — 1)(n — p) free parameters (from the arbitrary elements of ¢p11, dpio,..., dn).
On the other hand the equation (3.20) results in a system of p(n — p) independent
equations. Hence, for the solution existence, the number of equations must be equal
or smaller than the addition of free parameters. After algebraic manipulations, the
condition mp > n” is obtained .

Example 3.2. Consider the previous example where C = [ 8 8 é (1) }
The corresponding system is controllable and observable mp = 4 =n, p = 2 and
m = 2. The desired eigenvalues are Ay = {—1,—2} and Ar = {-3, —4}.
00 1 0]
) iy . . 00 01
By using (3.6), a decomposition P is founded i.e., P = 100 0
01 0 0
oA |10 00 Al [ P
suchthatC[Pl PQ]—[Cl O]— 010 0 .Then[Azg_—[PQ,
0 0
-1 0
APy = 0 1
0 0
For \y = —1, Ay = —2, two free parameters in [ wy]  Wa } = Lo 1.0 }
Wiz W22
are fized, wio = —2.2 and wee = 2.8. On the other hand, for A3 = —3, 4 =

—4, two free parameters in

/
zz ] = [ 18888 ziz ] are fized to obtain ¢zo =
—1.6364 and ¢40 = —1.8824. By using the previous procedure, the matrices (W, V)
and (T1, T, T), which satisfy the Sylvester equations (2.6), (3.7) and (3.20), with
det(CV) # 0, are determined as follows

0.6 —0.8

~1.6 06 10 1.0
V=1 16 —12|> W= [ ~2.2 2.8 ] ’

0.6 —04

b

T — 1.0000 —1.6364 | T, — —0.5455 0.1818
171 1.0000 —1.8824 |’ 27| —0.4706 0.1176

r=(1 T P [ —05455 01818 1.0000 —1.6364
LAt 2Py | T | —04706  0.1176  1.0000 —1.8824 |
The system (A, B,T) has stable eigenvalues, {—1,—2}, as invariant zeros. The

output feedback matrixz G is determined by GCV =W, i.e., G = { :133 328 ] .
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is given by Ag =

4.

The closed loop matriz Ag = A+ BGC, whose eigenvalues are the desired ones,
0.0 1.0 -12.5 35.0
0.0 0.0 1.0 0.0
0.0 0.0 —10.0 24.0

—1.0 0.0 0.0 0.0

Conclusion

In this paper two computational algorithms were proposed to obtain the output
feedback matrix gain in stabilization problems of linear systems. In the first, two
coupled Sylvester equations, based on the concept of O.S. (C, A, B)-invariant sub-
space, were presented to compute the output feedback matrix. In the second, the
Syrmos-Lewis and Alexandridis-Paraskevopoulos algorithms were modified by us-
ing the presented methodology to alleviate the computational burden and previous
asumption on system structure.

Resumo. Este artigo apresenta em forma sistemaética algoritmos computacionais
para se obter a matriz de realimentacao de saidas em problemas de estabilizagao de
sistemas lineares. Baseado no conceito de (C, A, B)-subespagos invariantes, intro-
duzido anteriormente pelo primeiro autor, e através do uso da solugao de equagoes
de Sylvester acopladas obtém-se a matriz de realimentagdo de saida. Dois algo-
ritmos sao apresentados: 1) modificacao do algoritmo Syrmos-Lewis para fornecer
um método mais adequado para solucdo numérica, e 2) utilizando transformagoes
ortogonais modifica-se o algoritmo de Alexandridis-Paraskevopoulos com o objetivo
de superar, em parte, a condi¢ao de Kimura. Exemplos numéricos sao apresentados
para ilustrar a aplicacao dos algoritmos.
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